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Microrheology relies on tracking the thermal or driven motion of microscopic par-
ticles in a soft material. It is well suited to the study of materials that have no
three-dimensional realization, which makes them difficult to study using a macro-
scopic rheometer. For this reason, microrheology is becoming an important rheo-
logical probe of Langmuir monolayers and membranes. Interfacial microrheology,
however, has been difficult to reconcile quantitatively with more traditional macro-
scopic approaches. We suggest that uncertainties in accounting for the mechanical
coupling of the tracer particle to the interface or membrane are responsible for these
discrepancies. To resolve them, we propose a new non-contact approach to interfacial
microrheology that uses particles submerged in the subphase a known distance below
the interface. In this first of two papers, we present calculations of the response func-
tion (and thus the equilibrium fluctuation spectrum) of a spherical particle submerged
below a viscoelastic surface that has a finite surface tension and/or bending modulus.
In the second paper, we compare these results to submerged particle microrheology
in a few example systems, showing quantitative agreement. C© 2014 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4886996]

I. INTRODUCTION

Microrheology was developed to study the mechanics or rheology of particularly soft and fragile
materials.1–5 In such cases, passive microrheology6–9 or the observation of the thermally fluctuating
position of a tracer particle embedded in the material can be used to directly measure the linear
response of the position of that tracer to an applied force via the fluctuation-dissipation theorem.10

An accurate model of the relationship between the response function and the (visco-)elastic moduli
of the material is necessary to interpret the measured fluctuation data in terms of the unknown
moduli.

This technique is particularly useful in the study of systems for which traditional or macroscopic
rheology is either impractical or impossible.11 Example include fragile samples where the linear
response regime may be macroscopically inaccessible and systems that have no well-defined three-
dimensional or space filling structure. Because driving or simply tracking a micrometer scale particle
is feasible at high frequencies (using, e.g., a weak laser trap12–14), microrheology has been extended
to frequencies up to O(105) Hz,11, 15 which is not possible in macroscopic rheometers. Finally there
are systems, such as living cells,16–20 that are by their nature microscopic, making their rheological
properties inaccessible by traditional means.

a)Electronic mail: alevine@chem.ucla.edu
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Langmuir monolayers21–23 and lipid bilayers24 are both prototypical examples of soft, fragile
materials that have no three-dimensional bulk counterpart, making them well-suited for microrhe-
ological investigation. Moreover, their rheology appears to be quite interesting. Due in part to a
plethora of broken symmetry phases as a function of surface pressure, these monolayers can have
complex rheological properties at low frequencies.23 Also, their high-frequency rheology remains
largely unexplored. While microrheology has begun to play an important role in interfacial and
membrane studies,25–30 these investigations have confronted a problem when their measurements
are compared to those obtained via macroscopic approaches.31–34 As discussed in the review by
Ortega and co-workers,35 it is generally observed that the monolayer moduli obtained via microrhe-
ology are as much as four orders magnitude smaller than those obtained by macroscopic approaches.

We suggest that the discrepancies between macroscopic and microscopic rheological28, 35, 36

measurements are due to the poor understanding of how the microscopic particle’s motion is coupled
to the deformation of the monolayer. There are two possible reasons for this. First, the presence of the
tracer in a fragile monolayer may locally perturb the monolayer’s structure, i.e., surfactant density or
tilt order of the hydrophobic tails. Such microrheological effects in three-dimensional bulk materials
have been studied.37–39 In three-dimensional materials, studying a combination of one- and two-
particle correlated motions along with the so-called “shell model” allows one to quantitatively probe
the structural perturbation around tracer particles in complex fluids.40 Understanding the coupling of
the tracer to the monolayer41–46 is further complicated due to the appearance of a three-phase contact
line at the boundary of the vapor, particle, and fluid. Second, given the difficulty in determining the
vertical position of the tracer relative to the monolayer, it is unclear how the tracer is embedded in
the monolayer, if at all. Since one would imagine that the mobility of a particle in the subphase will
be higher than that of one actually attached to the monolayer, the inclusion of fluctuation-based data
from such slightly submerged particles would generate spuriously low values of the monolayer’s
moduli.

We propose a new approach that avoids the problems described by using the fluctuations of
a particle submerged below the interface. The situation is considerably clarified since the tracer,
held a known distance beneath the monolayer using a laser trap,47 has a response function that can
be understood without the added complexities of the three phase contact line or local structural
perturbations of the monolayer due to the presence of the probe. The fluctuations of the tracers in the
plane parallel to the surface can be used to infer the monolayer’s rheology. Moreover, the fluctuations
in the direction normal to the surface are particularly useful in characterizing the (typically reactive)
normal stresses associated with the vertical deflection of the interface. The submerged particle
approach derives its strengths from being a truly noncontact measurement of the rheology of the
fragile monolayers. Of course, the cost of this approach is that the strength of mechanical coupling
between the tracer and monolayer, now mediated by the viscous subphase, is weaker than it would be
if the particle were in the interface. But, in this combination of papers reporting on the fundamental
theory (here) and experiments47 using submerged particle microrheology, we show that one is still
able to make fluctuation-based measurements that take advantage of the non-contact approach.
Preliminary experimental confirmation of this approach has been presented elsewhere.48 Here, we
concentrate on presenting the full calculation of the in-plane and out-of-plane response functions
and provide new and detailed experimental tests of these results in Paper II.47

The remainder of this article is organized as follows. We present our calculations of the response
function of a particle at a fixed depth below an interface in Sec. II. In Sec. II A, we introduce the
response function and discuss its symmetries. In Sec. II B, we review the basic equations of zero
Reynolds number hydrodynamics, the stress boundary conditions at the interface, and discuss our
method of solution. We solve this problem in two parts, first using an image solution (Sec. II C) and
then correcting the normal (Secs. II D and II E) and in-plane stresses (Sec. II F) to properly account
for the presence of a membrane with surface tension, a bending modulus, and some general in-plane
viscoelastic response. We find that the particle’s in-plane motion measures the in-plane interfacial
rheology while the out-of-plane motion is dominated by the reactive stresses associated with the
out-of-plane bending to interface.

Our calculations treat the submerged particle of radius a as a point force in the fluid. Conse-
quently, we examine the validity of this approximation showing that the finite size of a particle at
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depth d below the interface produces corrections on the order of the (a/d)3, which are subdominant.
By extracting the coefficient of the 1/d dependence of the tracer’s mobility corrections with depth,
one can extract rheologically significant data that are not dominated by the finite size, or presum-
ably shape (e.g., any small asphericity) of the probe. This check and a number of more technical
points of the calculation are relegated to the appendixes. These, taken in combination with the main
text, provide the reader with the full set of tools to analyze submerged particle fluctuation data and
to extend the technique. We discuss a few potential extensions of these ideas in our summary in
Sec. III.

II. THE SUBMERGED PARTICLE RESPONSE FUNCTION

A. Definitions and symmetries of the response function

To use the fluctuation dissipation theorem to compute the predicted fluctuation spectrum of the
submerged particle, we need the response tensor coupling thermodynamically conjugate variables:10

particle position U and applied (oscillatory) force F. We introduce a susceptibility tensor χ ij(ω)
defined by

U j = 1

−iω
Vj = χ jk(ω)Fk, (1)

where V (ω) is the particle’s velocity. It is simply related to the position in the Fourier domain. We
consider here and throughout a coordinate system in which the z axis is normal to the interface and
points outwards from the fluid subphase. The interface occupies the z = 0 plane – see Fig. 1(a). We
treat the fluid subphase as having infinite depth and lateral extent.

FIG. 1. (a) Schematic representation defining both the cartesian and cylindrical coordinate systems used. The tracer particle
(filled black circle) is submerged a distance d below the surface of the fluid occupying the lower half space z < 0 and is driven
by an oscillatory force Feiωt (dashed arrow). The vertical deformation of the interface is given by h. (b) The force F (black
arrow) and image force F′ (grey arrow) used to compute the hydrodynamic solution for a flat interface with slip boundary
conditions: v(1). See text for details. (c) Representation of the averaging procedure used to calculate the velocity response of
the particle of radius a from the point force solution. See Eq. (2).
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The surface breaks the full rotational symmetry of the problem so that the susceptibility tensor
is no longer proportional to the identity. It remains diagonal, however, and has only two independent,
non-vanishing components. This may be inferred from the following argument. On one hand, if the
force were applied in the z direction (i.e., normal to the interface), there can be no motion induced
in the xy plane by rotation invariance about the z axis. On the other hand, if a force F applied in the
x̂ direction were to generate motion in the ẑ direction, then the sign of that displacement would be
reversed under the application of an equal and opposite force −F. However, these applied forces
are related by a symmetry of the system – a rotation of π about the z axis and thus must produce the
same displacement in the vertical direction. We conclude that the vertical displacement in response
to a force in the xy plane must vanish. Finally, the same rotational symmetry requires χ xx = χ yy.
Thus, there are only two distinct components of the mobility tensor: χ xx and χ zz.

We first compute the fluid velocity field in response to a point force acting in an incompressible
fluid half space. To obtain the velocity response of a spherical particle having a finite radius a from the
point force response, we employ an averaging procedure. We apply the point force at x0 = (0,−d)
and compute the fluid velocity averaged over the surface that the particle would occupy, i.e., points x
satisfying |x − x0| = a. In the limit of infinite depth, when the boundary surface can have no effect,
this method, the Kirkwood approximation, correctly gives the mobility of a sphere. We restrict our
analysis to the non-contact limit, a < d. For the problem at hand, we expect the error introduced by
not satisfying the boundary condition precisely on the surface of the particle to be small in the limit
that a/|d| � 1. We discuss the (subdominant) effects related to finite particle size in Appendix D.
From this averaging procedure, it follows that the velocity V of the particle is given by

V = 1

4πa2

∫
δ(|x − x0| − a)v(x)d3x. (2)

We define the Stokes response function for a tracer of radius a in bulk fluid, i.e., at infinite depth
from the interface,

χStokes = i

6πa(ωη)
. (3)

This result can also be obtained from the point force response by averaging according to Eq. (2).

B. Bulk stress balance and boundary conditions

The Stokes equation describes the velocity response of an incompressible viscous fluid with
shear viscosity η to an applied force density f ,

∇ p − η∇2v = f , (4)

∇ · v = 0, (5)

in the zero Reynolds number limit. We consider the point force response

f = Fe−iωtδ(z + d)δ(x⊥), (6)

where x⊥ = (x, y). We consider only the two cases where F ‖ x̂ and F ‖ ẑ; these fully characterize
the susceptibility tensor. We consider frequencies below the 100 kHz range,49 so we may neglect
inertial effects.

We now turn to the boundary conditions. First, we require the fluid velocity to vanish at points
infinitely distant from the point of force application, i.e.,

lim
|x⊥|→∞

v(x⊥, z) = 0, (7)

lim
z→−∞ v(x⊥, z) = 0. (8)
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At the surface we impose stress continuity conditions. We assume that the surface can support
shear stresses, yielding the following equation of equilibrium:

σαz

∣∣∣
z=0

= μ∂2
αu + (μ + λ)∂α∂βuβ, (9)

where α = x, y here and throughout the article. Note that the shear modulus μ and compressional
modulus λ are frequency dependent, in general. The simpler problem of a particle’s mobility below
a free fluid interface (discussed in Appendix C), i.e., one that cannot support any surface stresses,
has been addressed previously.50

At long length scales, the normal stresses at the interface are dominated by surface tension (we
neglect gravity) ∼τ
h where τ is the surface tension of the interface, h is the vertical deformation of
the interface, and, here and throughout this article 
 = ∂2

x + ∂2
y , is the two-dimensional Laplacian

in the plane of the undeformed surface. At short length scales, and in cases where the surface is
decorated with surfactants, we must also include bending energy. The bending stresses depend on a
single bending modulus κ via the relation ∼κ
2h. Combining these we write

σzz|z=0 = σ surf
zz (h) = −κ
2h + τ
h. (10)

The stress boundary condition (Eq. (10)) depends on the vertical displacement of the fluid
interface h, while the bulk stresses in the fluid depend solely on its velocity, v. At the interface, these
quantities are of course related by a time integral, which implies

h(x⊥, ω) = 1

−iω
vz(x⊥, z, ω)

∣∣∣
z=0

(11)

in the frequency domain. In the following, we use Eq. (11) to eliminate the surface height deformation
h in favor of the velocity fields.

The determination of the velocity field in response to a point force in an infinite bulk fluid is
straight forward.51, 52 The introduction of the shear and normal stress boundary conditions at the
interface, however, complicates the solution. Fortunately, to leading order in the deformation, the
in-plane and normal response decouple; as a direct result, we treat these two situations separately.
In both cases, we use a two-step approach.

First, we find the solution of the incompressible Stokes equations (4) and (5) for the velocity
field due to a point force at the location of the tracer particle that satisfies the boundary conditions on
the fluid velocity at points distant from the applied force, Eqs. (7) and (8). We add to this an image
solution applied in the half space above the fluid chosen to give a vanishing shear stress condition
at the surface. This combination of solutions is v(1). That solution, however, does not satisfy the
stress continuity conditions at the interface given by Eqs. (9) and (10).53 We add a second solution of
the Stokes equation v(2) to correct the remaining stress boundary conditions. Physically, this second
velocity contribution can be understood as the fluid velocity generated by a prescribed set of normal
σ (2)

zz or shear σ (2)
αz stresses acting on the boundary. These stresses are chosen so as to compensate for

the unbalanced stresses produced at the boundary by the image force solution v(1), and then to add
in the additional surface stresses associated with the state of deformation of surface, σ

sur f
i z . The full

solution for the velocity field is given by

v(x, ω) = v(1)(x, ω) + v(2)(x, ω). (12)

The resulting velocity field now satisfies all the boundary conditions at the surface of the fluid half
space and at infinity.

C. Image solution

By analogy to electrostatics, one expects the effect of the interface on the point force response
of the fluid to be handled by placing an image force at a point directly above the applied point
force and equidistant from the interface. The vector nature of the force, however, means that the
linear combination of Fδ(z + d)δ(x⊥) and its image F′δ(z − d)δ(x⊥) cannot satisfy all the stress
boundary conditions at z = 0. We select the image force F′ = (Fx , Fy,−Fz) so that the shear stress
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condition vanishes: σαz

∣∣∣
z=0

= 0. The reflection symmetry of this choice about the z = 0 plane, sets

v(1)
z

∣∣∣
z=0

= 0 and leaves σ (1)
zz

∣∣∣
z=0

�= 0. Using the well-known velocity response of a fluid of infinite

extent to a point force F applied at the origin,51, 52

v p(F, r) = 1

8πη

(
F
|r| + r(r · F)

|r|3
)

, (13)

we write v(1) as

v(1)(r) = v p(F, r+) + v p(F′, r−), (14)

where r+ = r + ẑd, and r− = r − ẑd, are the distances from the point force F and its reflection
F′, respectively (see Fig. 1(b)). The pressure field induced by these two forces is

p(1)(r) = F · r+

4π |r+|3 + F′ · r−

4π |r−|3 . (15)

The solution given by Eqs. (13)-(15) is the exact result for the fluid velocity field due to a point force
at a distance d below a rigid wall with perfect slip boundary conditions.

D. Correcting the normal stress boundary condition

We now add a second fluid velocity field to correct the normal stress boundary condition.
Since that field v(2) is the result of normal stresses applied on the boundary, it needs to satisfy
the homogeneous, incompressible Stokes equation in the lower half space z < 0 and must not
generate new shear stresses at the interface. The normal stress σ (2)

zz that drives this correction to the
velocity depends on the state of deformation of the surface, which itself can be expanded into two
contributions h(1), h(2), corresponding to vertical velocity components of v(1) and v(2), respectively,
and using Eq. (11) to relate the surface heights to velocities. Since σ surf

zz (h(1) + h(2)) is a linear
differential operator and since the solution v(1) was constructed to generate no vertical displacement
at the boundary, h(1) = 0, and we obtain σ surf

zz (h) = σ surf
zz (h(2)). We write

σ (2)
zz = σ surf

zz (h(2)) − σ (1)
zz . (16)

By isolating the second term on the right hand side, the total contribution to the normal stress at the
interface σ (2)

zz − σ surf
zz (h(2)), coming from the as yet undetermined velocity field v(2), must be equal

to the negative of the normal stresses associated with the image force solution σ (1)
zz . It is possible to

introduce a new Green’s function H expressing the linear relationship between the additional flows
v(2) and the normal stresses exerted on the interface solely by the image force solution v(1). This
Green’s function is derived in Appendix A. Using it, we write the additional fluid velocity field as
an integral over the surface

v
(2)
i (x⊥, z) = −

∫
Hi (x⊥ − x′

⊥, z)σ (1)
zz (x′

⊥)d2x′
⊥. (17)

It is straightforward to calculate σ (1)
zz from v(1) and p(1). We find that the hydrodynamic stress due to

v(1) at the surface is given by

σ (1)
zz (x⊥) = −p(1) + 2η

∂v(1)
z

∂z

= − 3

2π

a2(x Fx + d Fz)

(x2 + y2 + d2)5/2
. (18)

Inserting Eq. (18) into Eq. (17) completes the solution of v(2).
The remaining integral in Eq. (17) can be reduced to a single integral over the radial coordinate

ρ ′ =
√

x ′2 + y′2 on the surface

v(2)
α (ρ, φ, z) = −

∫
Hρ(ρ ′, z)

[
Fx Aαx

(
ρ, ρ ′, φ

) + Fz Aαz
(
ρ, ρ ′, φ

)]
ρ ′dρ ′, (19)
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v(2)
z (ρ, φ, z) = −

∫
Hz(ρ

′, z)
[
Fx Azx

(
ρ, ρ ′, φ

) + Fz Azz
(
ρ, ρ ′, φ

)]
ρ ′dρ ′. (20)

The two components of the Green’s function used above Hρ and Hz are defined in Appendix A,
while the auxiliary functions Aij are given in Appendix B.

E. Modification of the response function by normal stresses

We compute the response tensor associated with particle motion below a surface that generates
normal stresses under deformation, but does not support shear stresses. Since we have decomposed
the velocity field into two parts – v(1) and v(2) – it is instructive to write the response tensor in
corresponding parts

χ = χ (1) + χ (2), (21)

where each term in the decomposition accounts for the velocity increment at the particle coming
from these two parts of the velocity field solution, respectively. It is useful to write the response
tensor as the product of the Stokes response and a depth-dependent correction factor, which vanishes
as |d| → ∞.

Using the image force solution v(1) and performing the same averaging procedure shown in
Eq. (2) (see Fig. 1(c)), we find that

χ (1)
xx = χStokes

[
1 + 3

8

(
1

d̄

)
+ 1

32

(
1

d̄

)3
]

, (22)

where d̄ = |d|/a is the dimensionless depth of the particle. The correction to the susceptibility due
to the image force is positive since the component of the image force orthogonal to z lies along
that of the actual force applied to the particle. As expected, an interface that does not support shear
stresses increases the mobility of the particle relative to that of the particle in bulk fluid. Conversely,
a wall at z = 0 with stick boundary conditions has the opposite effect of decreasing the mobility of
the particle.50

The calculation of the response of the particle to forces in the direction normal to the interface
(ẑ) proceeds in the same manner. We do not present the details here, but give the result

χ (1)
zz = χStokes

[
1 − 3

4

(
1

d̄

)
+ 1

16

(
1

d̄

)3
]

. (23)

As one expects physically, the effect of the image force is now to decrease the mobility relative to
that of the same particle in bulk fluid.

It remains only to calculate the final response function correction due to v(2). The surface tension
and bending modulus of the interface enter into the form of the Green’s function H, defined above.
We discuss the details in Appendix A, where we examine the remaining integrals for the cases of τ

> 0, κ = 0, and τ = 0, κ > 0. In the text, we discuss the former case of finite surface tension but no
bending modulus, which is directly relevant to the experiments reported in Paper II.47 The case of a
completely free surface τ = κ = 0 is shown for comparison in Appendix C.

We determine χ (2)
xx using the Green’s function Eq. (A28) and setting κ = 0. The remaining

integrals can be solved order by order in the small parameter a/|d|. We introduce a dimensionless
parameter

τ̄ = τ/ωηa, (24)

a quantity commonly expressed in terms of the capillary number: Ca = 1/τ̄ .

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

128.119.168.112 On: Sun, 28 Sep 2014 17:24:28



071903-8 Shlomovitz et al. Phys. Fluids 26, 071903 (2014)

The corrections to the in-plane χ (2)
xx and out-of-plane χ (2)

zz components of the response tensor of
the submerged particle due to fixing the normal stress balance at the surface are given by

χ (2)
xx = χStokes

[
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, (26)

where Ei(x) is the exponential integral function. Note that these response functions are now complex,
owing to the fact that there is both a dissipative part due to the viscous fluid, and a reactive (i.e.,
elastic) part coming from the surface tension. These solutions must be added to the previous image
force solutions χ (1)

xx , χ (1)
zz to give the full response tensor. The full solution is not simple to interpret.

For clarity, we provide two limiting cases: (1) small surface tension case τ̄ � 1, where we recover
the simple free surface solution plus small corrections; and (2) the high surface tension case τ̄ � 1,
where we expect the surface to remain nearly flat, and where we recover the solution corresponding
to a rigid wall with perfect slip boundary conditions and again small corrections.

Taking the small surface tension limit τ̄ → 0 and expanding χ
(2)
i j in powers of τ̄ , we find
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(28)

up to O
(
(τ̄ /d̄)3

)
. The effects of surface tension vanish with increasing depth of the particle, as might

be expected. At zero surface tension τ̄ = 0 we recover the result for the free surface as can be seen
by comparing the above result to Eq. (C2).

In the opposite limit of a high tension surface τ̄ � 1, we find
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=
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(30)

where γ E is Euler’s gamma constant. The contribution to both response functions from surface
deformation vanishes algebraically as τ̄ → ∞. Using these corrections χ (2) along with the image
force solution χ (1) and Eq. (21), we complete the solution of the response function.

In Figs. 2(a) and 2(b), we plot the in-plane complex response function normalized by the Stokes
value |χStokes| as a function of particle depth for differing values of the capillary number. The real
(i.e., reactive) contribution to the response function remains small in all cases in comparison to the
dominant dissipative part. The former is generically less than 10% of the latter. The effect of surface
tension on the dissipative part of the in-plane response function is less than 6%. Figs. 2(c) and 2(d)
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FIG. 2. The real (a) and imaginary (b) parts of the in-plane response function χxx normalized by the Stokes susceptibility
|χStokes| (Eq. (3)) as a function of depth d̄ = d/a. The colors represent different surface tensions where the inverse capillary
number τ̄ = 0.05, 2, 5, 20 (solid thin blue, dashed magenta, solid thick yellow, dashed-dotted green). The reactive part of
the response function due to surface tension is small: on the order 5% of the dissipative parts. It becomes even smaller in the
limit τ̄ � 1, which is applicable to the experiments reported in Ref. 47. In (c) and (d), we plot the real and the imaginary
parts of the same normalized in-plane response function at fixed depths d̄ = 3, 5, 10, 100 (solid thin blue, dashed magenta,
solid thick yellow, dashed-dotted green) as a function of surface tension τ̄ .

show that the effect of surface tension on the in-plane response function is non-monotonic with τ .
At very small surface tensions, it has no effect, while for very large surface tension, the interface
remains flat and thus the surface tension again makes no contribution. The maximum effect of surface
tension on the in-plane response function occurs at frequencies such that τ̄ ≈ 1. Given the precision
of the current experiments, the effect of both surface tension and an interfacial bending modulus are
not measurable from the in-plane response. However, the variation of the in-plane response function
between an interface that cannot support shear stresses (Eq. (9)) and an infinitely rigid one50 is large,
allowing the use of the in-plane response to measure the interface’s stress relaxation properties.48

We plot in Figs. 3(a) and 3(b) the analogous response functions for motion normal to the plane
of the interface. Here, the surface tension introduces qualitatively different dynamics. High surface
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FIG. 3. The real (a) and imaginary (b) parts of the out-of-plane response function χ zz normalized by the absolute magnitude
of the Stokes susceptibility |χStokes| (Eq. (3)) as a function of depth d̄ = d/a. The colors represent different surface tensions
where the inverse capillary number τ̄ = 0.05, 5, 15, 30 (solid thin blue, dashed magenta, solid thick yellow, dashed-dotted
green). In contrast to the in-plane response function shown in Fig. 2, the real part of χ zz is comparable to the dissipative part.
The out-of-plane response can be used experimentally to determine the surface tension and bending modulus (not shown) of
the surface. In (b), we note that the dissipative part of the response function can be smaller than the bulk Stokes solution, as
discussed in the text. In (c) and (d), we plot the real and the imaginary parts of the same normalized response function versus
the dimensionless surface tension τ̄ at a set of fixed depths d̄ = 3, 5, 10, 100 (solid thin blue, dashed magenta, solid thick
yellow, dashed-dotted green).
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tension reduces the imaginary part of the z response of the particle by half and generates a real
part whose magnitude is comparable to the imaginary one. For the same reasons discussed above,
the magnitude of the surface tension effect is non-monotonic, maximizing at τ̄ ≈ 1, as shown in
Fig. 3(c). The out-of-plane tracer particle fluctuations are a key indicator of the interface’s tension
and (although not shown here) bending modulus.

In the current set of experiments, such measurements are not possible. Specifically, in fluctuation
data shown in Paper II,47 we expect the air/water surface energy to be ≈70 ergs/cm2. For data at
frequencies in the range of ω ≈ 10 Hz and for a tracer of micrometer size, the inverse capillary number
is τ̄ ≈ 107. For these experiments, it remains large at all experimentally relevant frequencies. These
considerations lead us to use the essentially flat surface limit – see Eq. (22) – to predict the results
of these measurements. Considerations of surface tension may become important when considering
microrheology near a low tension surface, such as a lipid bilayer. This analysis may play an important
role in elucidating intracellular microrheology, where there are numerous internal lipid membranes
in the vicinity of internal tracer particles.

F. Correcting in-plane stresses

We now consider the case where the membrane can support in-plane stresses due to shear or
compression modes. We limit ourselves to the case where F ⊥ z since experiments measure only
the motion of the particle parallel to the surface and shear stresses have a minor effect on the
out of plane motion. As before, fluid stress from the bulk must balance with the surface stresses
induced by the viscoelasticity of the monolayer, see Eq. (9). The shear stresses induced by the fluid
are

σ f
αz = η (∂αvz + ∂zvα) , (31)

stress continuity requires

σαz + σ f
αz = 0. (32)

The method of solution is identical to that presented above, except we must use v2 to correct the
in-plane stresses to enforce Eq. (32). Associated with each velocity field there is a corresponding
membrane flow, i.e., u1 and u2, which must be determined by balancing forces in the membrane
and using the Green’s function derived for viscoelastic membranes.54 Physically, the velocity field
v1 generates a flow u1 in the interface. To balance forces in that interface (Eq. (32)), and satisfy the
boundary conditions, the second interfacial (or membrane) flow u2 is induced, which leads to the
bulk velocity flow v2.

It will be convenient to rewrite the point force response of an infinite fluid – see Eq. (13) – in
the Fourier domain51

vs
j = Fi

8πη
Gi j , (33)

Gi j = 8π

(
δi j

k2
− ki k j

k4

)
, (34)

where k = (kx , ky, kz) is the wavevector. This point solution in combination with the image solution
gives the solution for perfect slip boundary conditions: v1.50, 51, 55 Therefore (since F ⊥ z), the first
velocity field is

v1
j = Fα

8πη

(
Gα j e

ikzd + Gα j e
−ikzd

)
. (35)
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The displacement field u1 associated with this velocity is found by making the inverse Fourier
transform over the kz at the membrane plane and using the relation −iωuα = vα(x⊥, z = 0)

u1
β = − 1

iω

∫
v1

β

dkz

2π
(36)

= Fα

2ηωi
e−dk⊥

(−2δαβ

k⊥
+ kαkβ

k3
⊥

(1 + dk⊥)

)
, (37)

where k⊥ = (kx , ky) is the two-dimensional wavevector and k⊥ is its magnitude. By symmetry, the
first velocity field v1 vanishes at the surface (z = 0) and normal displacement is zero (u1

z = 0).
As before, the zero shear stresses boundary condition is not satisfied (see Eq. (44) below). To
correct this, we again add a second solution v2, u2 that satisfies the homogeneous Stokes equation
(Eqs. (4) and (5) with f = 0).

We project the interfacial deformation into longitudinal uL and the transverse uT modes using
two projection operators Lαβ = kαkβ/k2

⊥ and Tαβ = δαβ − Lαβ .54 Thus, uL
α = Lαβuβ and uT

α =
Tαβuβ . Longitudinal or compression modes change the surfactant density in the interface, while
shear or transverse modes do not. Applying these we find

uL1
β = Lβαu1

α

= Fα

2ηωi
e−dk⊥

(
kαkβ

k3
⊥

(−1 + dk⊥)

)
(38)

and

uT 1
β = Tβαu1

α

= − Fα

ηωi
e−dk⊥

(
δαβ

k⊥
− kαkβ

k3
⊥

)
. (39)

The longitudinal and transverse modes are independent so each mode must separately satisfy force
balance. Applying the longitudinal and transverse projection operators to the in-plane stress conti-
nuity equation we find these two separate requirements for force balance to be

−k2
⊥(2μ + λ)uL

α + σ L f
α

∣∣∣
z=0

= 0, (40)

−k2
⊥μuT

α + σ T f
α

∣∣∣
z=0

= 0, (41)

where σ Lf and σ Tf are, respectively, the fluid stresses of the longitudinal and transverse channels. To
satisfy these boundary conditions, we add to u1 a second displacement field u2. We also require that
the second bulk velocity field v2 corresponding to the extra interfacial displacement will not generate
new force densities in the subphase, i.e., η∇2v2 = ∇ p. Decomposing u2 into its longitudinal and
transverse modes, we note that the transverse part satisfies

−k2
⊥μ(uT 1

α + uT 2
α ) + σ T 1 f

α

∣∣∣
z=0

+ σ T 2 f
α

∣∣∣
z=0

= 0. (42)

To find uT 2, we start by calculating the forces induced on the surface due to vT 1 and uT 1. Using
Eq. (41), the surface force ST is given by

ST
α = −k2

⊥μuT 1
α + σ 1T f

α

∣∣∣
z=0

. (43)

Note that σ
1T f
α

∣∣∣
z=0

= 0 by construction (this results directly from our choice of image solution) so

we may substitute Eq. (39) into Eq. (43) to compute the forces induced on the surface by the fields
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u1 and v1

ST
β = μk⊥Fα

ηωi
e−dk⊥

(
δαβ − kαkβ

k2
⊥

)
. (44)

These forces generate the secondary flows u2 and v2. Using the Green’s function developed in
Ref. 54, the secondary flows (in Fourier space) are given by

uT 2
α = ST

α

μk2
⊥ − iωηk⊥

, (45)

vT 2
α = −iωuT 2

α ek⊥z . (46)

Substituting Eq. (45) to (46) and performing the integral over the wavevector, we find vT 2
α in real

space

vT 2
α (x⊥, z) = −iω

∫
Sα

ei k⊥·x⊥+k⊥z

μk2
⊥ − iωηk⊥

d2k⊥
(2π )2

. (47)

Using similar arguments we can calculate the stresses SL induced in the longitudinal channel

SL = −k2
⊥(2μ + λ)uL1

α + σ 1L f
α

∣∣∣
z=0

. (48)

Again the fluid shear stress is zero by construction, but the longitudinal displacement field uL1 is
non-zero (as given by Eq. (38)). The displacement uL2 is then calculated using SL and the Green’s
functions from Ref. 54

uL2 = SL

(2μ + λ)k2
⊥ − 2iωηk⊥

. (49)

Finally, we find that the velocity contribution in the bulk, vL2
α is given (in real space) by

v(L2)
α = −iω

∫
S(L)

α

(1 + k⊥z) ei k⊥·x⊥+k⊥z

(2μ + λ)k2
⊥ − 2iωηk⊥

d2k⊥
(2π )2

. (50)

There is a natural length scale that develops from this formulation that governs how two-
dimensional momentum generated in the membrane is transported to the three-dimensional fluid
subphase.56 It serves as a cut-off for the logarithmic divergence that appears in two-dimensional
over-damped hydrodynamics. This Saffman-Delbrück (SD) length is defined by � = μ/(− iηω).
For a purely viscous monolayer, it is simply the viscosity ratio, but for viscoelastic interfaces, it is
generally complex and frequency dependent; its modulus now controls the transport of interfacial
in-plane momentum into the bulk fluid subphase. For compressible monolayers, there are actually
two independent SD lengths. The former SD length governs the transfer of transverse momentum
from the interface to the subphase, while the new one �c = (2μ + λ)/(− 2iηω) governs the analogous
transfer of longitudinal momentum.

Writing � = |�|eiφ , we perform the integral assuming that the argument φ of the Saffman
Delbrück length is in the fourth quadrant (−π /2 < φ < 0) to preserve the viscoelastic behavior of
the membrane. We find that the transverse channel generates a velocity contribution

vT 2
x = v0

⎛
⎝−3

4

1

d̄
+

3ie
2d̄
�̄

(
Ei

(
−2d̄

�̄

)
− iπ

)
2l

⎞
⎠ . (51)

We have introduced nondimensionalized lengths: d̄ = d/a and �̄ = �/a and v0 = F/6πηa is the
Stokes velocity of a particle in an infinite fluid. The other components of the velocity field at the
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FIG. 4. The imaginary (a) and real (b) parts of the in-plane susceptibility (normalized by the Stokes susceptibility) as a
function of the (normalized) depth d̄ for different values of the normalized Saffman-Delbrück length |�̄| = 0, 1, 3, 10,∞
(black line, × blue, • purple, � red, gray line). The cases of purely elastic φ = 0 and purely viscous φ = −π /2 interfaces are
shown as the solid and dashed lines, respectively. The real part of the susceptibility vanishes for purely viscous interfaces. In
(c) and (d), we plot the same susceptibilities as a function of the normalized Saffman-Delbrück length with d̄ = 1, 2, 5, 10
(blue line, • purple, � green). The imaginary part of the susceptibility decreases as the surface becomes stiffer with a crossing
point around |�crit| ≈ 5. The real part of the susceptibility has a maximum in the vicinity of the critical length.

particle vanish: vT 2
y = vT 2

z = 0, as expected by symmetry. To gain a better understanding of the
magnitude of second term in the right hand side of Eq. (51), we note that, for a complex number y
where both the real and imaginary parts are positive, we have the following inequality:

− log

(
1 + i

y

)
< e−iy [Ei (iy) − iπ ] < −1

2
log

(
1 + 2i

y

)
. (52)

For large y the difference between the two terms at the sides of the inequality is negligible and we
can approximate the middle term by any of them. Compressible, purely viscous monolayers have a
velocity contribution from the longitudinal channel given by

vL2
x = −F

32πdη

(
1 + d

�c

)[
1 + 2d

�c
+ 4d

�c

(
1 + d

�c

)
e

2d
�c Ei

(−2d

�c

)]
. (53)

Most monolayers of interest are nearly incompressible; even if the membrane were slightly
compressible, it appears that the effect of the longitudinal response is subdominant. Taking the
limiting case of an incompressible monolayer, we find our main theoretical result. The in-plane part
of the response function is given by (including the contribution from Faxen’s law51)

χxx

χStokes
= 1 − 9a

16d
+ a3

16d3
− 3a

2�

[
Ei

(−2d

�

)
− iπ

]
e( 2d

� ), (54)

with Ei(x) the exponential integral function and � = μ/(− iηω) is the SD length.56

At large distances from the interface, d � 10a, the susceptibility approaches that given by the
simple Stokes drag on a sphere for any SD length. Distant tracers are useless rheological probes. The
key microrheological measurement involves studying how this susceptibility varies as the tracer’s
depth is decreased. For � < a, the particle response increases as the distance decreases, while for
large SD lengths (� > a) the susceptibility decreases – see Figs. 4(a) and 4(c). The quantity a/� is
qualitatively similar to a Knudsen number, or partial slip length,57 but the perfect slip limit is never
reached here due to our enforcing surface incompressibility.

III. DISCUSSION

We have calculated the response function of a particle submerged a known distance d below
an interface. There are a number of antecedents to this sort of hydrodynamic calculation including
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examining the point force response near the boundary of two immiscible fluids.58 Nanoparticle
mobility near fluid solid interfaces has been studied to get a better understanding of flows and
particle transport near to hydrophilic and hydrophobic surfaces.59 The application of these ideas
to interfacial and membrane rheology, however, leads to new experimental probes and, perhaps a
reconsideration of intracellular microrheology, where membranes abound. We have examined the
basic calculations necessary to understand the experiments presented in Paper II47 and elsewhere.48

To summarize our conclusions: The in-plane response function χ xx is a sensitive indicator of the
surface rheology allowing for the development of non-contact microrheology of interfaces and
membranes. Fortunately, the in-plane response is only weakly influenced by the out-of-plane bending
mechanics of the interface, allowing one to neglect these out-of-plane modes in analyzing submerged
particle mobility data for motion parallel to the interface. In contrast, the out-of-plane response
function χ zz is a sensitive indicator of interfacial bending dynamics. Thus, tracking the full three-
dimensional motion of the submerged tracer provides two channels of data reporting on the in-plane
rheology and bending dynamics of the surface in a nearly independent manner. In these two papers,
we show that one can indeed observe the effect of an interface in the fluctuation spectrum of a
submerged particle.

The effects of finite particle size (and presumably shape) enter only at higher order in the
inverse depth 1/d3 – see Appendix D. The effect of free or hindered particle rotation (in the current
experiments it is free) enters the response function at higher order 1/d4. These results allow us to
conclude that the point force approach is sufficient to extract the parts of the response function needed
for submerged particle microrheology. In addition, one has added confidence that uncertainties
associated with laser trap induced torques, and other questions related to details of the particle’s
shape will generate subdominant corrections that can be accounted for.

The experiments presented in Ref. 47 confront a number of experimental challenges related
to use of a weak laser trap in position detection and the exclusion of excess laser reflection from
the air-water interface. Once these challenges are met, we find excellent quantitative agreement
between these fluctuation data and the theory of the in-plane response function for two systems
where the surface rheology is truly unambiguous: (1) an air-water interface (presented here) and (2)
a glass-water or “hard wall” interface.50, 60, 61 One can also measure nontrivial surface rheology in
a number of surfactant systems with this technique.48 To date there is no such direct experimental
confirmation of the validity of the out-of-plane response calculation. This stands as an important
remaining test.

The importance of accounting for the effect of soft, deformable boundaries in microrheol-
ogy is not restricted to the Langmuir monolayer system, but also plays a role in intracellular
microrheology.20 There the tracers are necessarily near either the cell membrane or other intracel-
lular lamellar soft structures. Understanding how the predicted fluctuation spectrum of these tracers
changes in response to the confined environment is necessary to enable the quantitative interpretation
of such microrheological measurements.

There are a number of unresolved questions in submerged particle microrheology. We have
not yet considered the case in which the subphase is itself a complex fluid with a nontrivial
rheological spectrum. As long as the subphase remains incompressible, we expect that the for-
malism presented here can be simply extended to this case. We expect that one would be able to
distinguish the complex rheology of the interface from that of the bulk by examining the depth
dependence of the fluctuation spectrum, but this situation has not yet been analyzed. One may
also consider the problem of a rheologically interesting layer of finite thickness associated with
the interface. One example is an F-actin cross-linked gel that is bound to the aqueous side of a
Langmuir monolayer of lipids.62, 63 Here, one may wish to consider the fluctuation spectrum of
a tracer particle deep below the F-actin layer, near the boundary of the gel and the solvent, and
finally in the gel itself. Such questions will also play a role in intracellular microrheology near
the cortical actin layer.64 Finally, we have not addressed the question of nontrivial membrane ge-
ometry. It is known that particle mobilities in curved membranes and interfaces can differ from
the mobility of the same particles in chemically identical flat ones.65, 66 In light of those results,
we expect that the curvature of the interface will have significant consequences for the response
function.
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APPENDIX A: FLUID RESPONSE TO A DISTRIBUTION OF NORMAL STRESSES
ON ITS SURFACE

Here, we compute the Green’s function expressing the linear relationship between an imposed
set of normal stresses at the z = 0 surface of the fluid and the velocity field that those stresses generate
in the lower half space. For a free surface (i.e., one that does not support either normal or tangential
loads), this is mathematically identical to the Boussinesq problem (normal loads) and closely related
to the Cerruti problem (tangential loads).52 In this case, however, we must insist that the normal
stresses at the surface also compensate for those created by the state of surface deformation. We
study the case in which the surface has both a surface tension and a bending modulus.

We define the Green’s function for this problem to be Hij via the relation

vi =
∫

Hi j (x⊥ − x′
⊥, z) f j (x′

⊥)d2x′
⊥. (A1)

Since we are interested only in forces that act perpendicular to the surface f = ẑ fz , we write the
tensorial Green’s function Hiz as a vector,

vi =
∫

Hi (x⊥ − x′
⊥, z) f (x′

⊥)d2x⊥, (A2)

suppressing, for notational simplicity, the second index. Thus, the three components of Hi = Hiz

make up H, which we now compute.
The Green’s function is the velocity field generated by a normal point force, f (x⊥) = δ(x⊥).

In the bulk (z < 0), the Green’s function satisfies the homogeneous Stokes equation

∇ p − η∇2 H = 0 (A3)

for incompressible flow

∇ · H = 0, (A4)

where p is the pressure field induced by the velocity field. On the surface the Green’s function

satisfies the following boundary conditions. There must be no shear stresses σ H
αz

∣∣∣
z=0

= 0 and the

normal stresses associated with these flows must support those created by the surface deformation
and h due to the flows and the applied point stress, which we take to be at the origin of the coordinate
system,

σ H
zz

∣∣∣
z=0

− σ surf
zz (h) = δ(x⊥), (A5)

where σ surf
zz the normal stress associated with the state of the deformation of the surface and is given

in the usual way by Eq. (10).
In order to exploit the azimuthal symmetry of the problem in the xy plane, it is convenient to

use the vector cylindrical harmonics functions67, 68 J�
n(kρ, φ), � = 1, 2, 3 to write the dependance of

the velocity field upon the in-plane radial ρ and azimuthal φ coordinates (1(a)). For completeness,
we write the vector cylindrical harmonics here

J1
n(kρ, φ) = Jn(kρ)einφ ẑ, (A6)

J2
n(kρ, φ) = z∇ Jn(kρ)einφ, (A7)

J3
n(kρ, φ) = �z × ∇ Jn(kρ)einφ, (A8)
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where the functions Jn are Bessel functions of the first kind. We write the velocity field response to
the point stress in this basis as

H =
∞∑

n=−∞

∫ ∞

0
dk

[
α1(k, z; n) J1

n(kρ, φ) + α2(k, z; n) J2
n(kρ, φ) + α3(k, z; n) J3

n(kρ, φ)
]
. (A9)

These functions form a complete set, and the problem is now reduced to determining the unknown
functions α�(k, z; n), � = 1, 2, 3. Similarly, we may expand the scalar pressure field in a Fourier
Bessel series

p =
∞∑

n=−∞

∫ ∞

0
dkβ(k, z; n)Jn(kρ), (A10)

where, just as for α�, the function β is as yet undetermined.
Given the cylindrical symmetry of the problem, we expect to be able to find a solution keeping

only the zeroth order Bessel functions (n = 0). Thus, we specialize to

J1(kρ) = J0(kρ)ẑ, (A11)

J2(kρ) = z∇ J0(kρ) = −kz J1(qρ)ρ̂, (A12)

J3(kρ) = �z × ∇ J0(kρ) = −kz J1(kρ)φ̂, (A13)

and suppress the azimuthal index n for notational simplicity. Again due to constraints of symmetry,
we expect to find a solution with no flow in the azimuthal direction so we may set α3 = 0. The
Green’s function and associated pressure field must take the form of

H =
∫

dk
[
α1(k, z; 0) J1(kρ) + α2(k, z; 0) J2(kρ)

]
, (A14)

p =
∫

β(k, z; 0)J0(kρ)dk. (A15)

Since the set of vector cylindrical harmonics for a given value of k is closed under spatial
derivatives, we find that Stokes equation and incompressibility devolve into ordinary differential
equations relating the four unknown functions used in the above expansion for each value of k. From
the Stokes equation, we find that

β ′(k, z) + η
(
k2α1(k, z) − α′′

1 (z, k)
) = 0 (A16)

and

β(z, k)

z
− η

(
−k2α2(z, k) + 2

α′
2(z, k)

z
+ α′′

2 (z, k)

)
= 0, (A17)

where the prime denotes a derivative with respect to z. In deriving these equations, we have used the
expansion of the pressure gradient

∇ p = β ′(z, k) J1(kρ) + β(z, k)

z
J2(kρ) (A18)

in terms of vector cylindrical harmonics. A third relation between α1 and α2 is obtained by enforcing
the incompressibility condition ∇ · H = 0. From this we find

α′
1(z, k) − k2zα2(z, k) = 0. (A19)

Equations (A16), (A17), and (A19) completely specify the unknown functions α1, α2, and β,
when augmented by the boundary conditions of zero shear stress on the surface: σ rz = 1/2(∂rHz +
∂zHr) = 0 and σφz = 0, along with the requirement that the fluid velocity field vanishes at infinite
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depth limz→−∞ H = 0. We find the solutions obeying these boundary conditions to be

β(z, k) = −2kηcekz, (A20)

α1(z, k) = (1 − kz)cekz, (A21)

α2(z, k) = −cekz, (A22)

where c = c(k) is a final k-dependent function to be fixed by the normal stress condition at the
surface, Eq. (A5). To determine this function, we perform the same Fourier Bessel decomposition of
that stress condition on the surface and then match terms. We may write the hydrodynamic normal
stress at the surface as

σzz

∣∣∣
z=0

=
(

−p + 2η
∂ Hz

∂z

) ∣∣∣
z=0

(A23)

= 2ηc
∫ ∞

0
k J0(kρ)dk (A24)

and the elastic stress due to the deformation state of that surface as

σ surf
zz = −c

∫ ∞

0

(
i
κ

ω
k4 + i

τ

ω
k2

)
J0(kρ)dk. (A25)

Combining these results with the normal stress condition (A5) and recalling the representation of
the delta function as

δ(x⊥) = 1

2π

∫ ∞

0
J0(kρ)dk, (A26)

we find that the remaining function to be given by

c(k) = 1

2π
(
2kη + i κ

ω
k4 + i τ

ω
k2

) . (A27)

Having determined c(k), we invert the Fourier Bessel transform writing

Hρ(ρ, z) =
∫ ∞

0

kzekz

2π
(
2kη + i κ

ω
k4 + i τ

ω
k2

) J1(kρ)kdk, (A28)

Hz(ρ, z) =
∫ ∞

0

ekz (1 − kz)

2π
(
2kη + i κ

ω
k4 + i τ

ω
k2

) J0(kρ)kdk, (A29)

Hφ(ρ, z) = 0. (A30)

The remaining integration over k cannot be done analytically. There is, however, a special case
for which the result can be obtained in closed form. For a free surface κ = τ = 0, integration leads
to

H free
ρ (ρ, z) = 1

4πη

ρz

(ρ2 + z2)3/2
, (A31)

H free
z (ρ, z) = 1

4πη

ρ2 + 2z2

(ρ2 + z2)3/2
. (A32)

This result is actually well-known in elasticity theory as the response function of an incompressible
elastic half space to a point normal load at the origin on its surface.52
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For the case of a surface with a finite surface tension and no bending modulus, τ �= 0 and κ =
0, we can write the general result

Hρ(ρ, z) = 1

4πηξτ

H τ
ρ

(
ρ

ξτ

,
z

ξτ

)
, (A33)

Hz(ρ, z) = 1

4πηξτ

H τ
z

(
ρ

ξτ

,
z

ξτ

)
, (A34)

in terms of a surface tension associated length scale

ξτ = τ

2ωη
(A35)

introduced previously in terms of the dimensionless surface tension τ̄ – see Eq. (24), and two
dimensionless integrals

H τ
ρ (u, w) =

∫ ∞

0

kwekw

(1 + ik)
J1(ku)dk, (A36)

H τ
z (u, w) =

∫ ∞

0

ekw (1 − kw)

(1 + ik)
J0(ku)dk. (A37)

In the same way if τ = 0, but κ �= 0, we simplify the main result given by Eqs. (A28) and (A29)
to

Hρ(ρ, z) = 1

4πηξκ

H κ
ρ

(
ρ

ξκ

,
z

ξκ

)
, (A38)

Hz(ρ, z) = 1

4πηξκ

H κ
z

(
ρ

ξκ

,
z

ξκ

)
, (A39)

with the bending modulus associated length

ξκ = (κ/2ωη)1/3 , (A40)

and the dimensionless integrals

H κ
ρ (u, w) =

∫ ∞

0

kwekw(
1 + ik3

) J1(ku)dk, (A41)

H κ
z (u, w) =

∫ ∞

0

ekw (1 − kw)(
1 + ik3

) J0(qu)dk. (A42)

Thus, the Green’s function required in the main text has been derived with general results
shown in Eqs. (A28) and (A29). The evaluation of the remaining integrals can be performed for the
case of a free surface and the remaining problem can be reduced to that of evaluating, presumably
numerically, two remaining dimensionless integrals for the cases in which either the bending modulus
or the surface tension vanishes. For the more general problem of a finite surface tension and bending
modulus, there are two relevant length scales in the problem making the analysis of the Green’s
function more complex.

APPENDIX B: AUXILIARY FUNCTIONS FOR THE COMPUTATION OF v(2)

In the text, we introduced a set of auxiliary functions Aij related to the normal stress distribution
σ (1)

zz and necessary for the computation of v(2). See Eqs. (19) and (20). Here, we write those functions
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in cylindrical coordinates (ρ, φ), a form most amenable to performing the required integrals. The Aij

functions used in Eqs. (19) and (20) are given by

Axx (ρ, ρ ′, φ) = −3d2

2π

∫ π

−π

ρ cos (φ) − ρ ′ cos
(
φ′)

(�ρ2 + d2)5/2
cos(φ′)dφ′, (B1)

Axz(ρ, ρ ′, φ) = −3d3

2π

∫ π

−π

cos(φ′)
(�ρ2 + d2)5/2

dφ′, (B2)

Ayx (ρ, ρ ′, φ) = −3d2

2π

∫ π

−π

ρ cos (φ) − ρ ′ cos
(
φ′)

(�ρ2 + d2)5/2
sin(φ′)dφ′, (B3)

Ayz(ρ, ρ ′, φ) = −3d3

2π

∫ π

−π

sin(φ′)
(�ρ2 + d2)5/2

dφ′, (B4)

Azx (ρ, ρ ′, φ) = −3d2

2π

∫ π

−π

ρ cos (φ) − ρ ′ cos
(
φ′)

(�ρ2 + d2)5/2
dφ′, (B5)

Azz(ρ, ρ ′, φ) = −3d3

2π

∫ π

−π

1

(�ρ2 + d2)5/2
dφ′, (B6)

where we have introduced the variable representing the scalar distance between points given by the
vectors ρ and ρ ′ on the surface

�ρ =
√

ρ2 + ρ ′2 − 2ρρ ′ cos(φ − φ′). (B7)

The explicit form of these functions is both complicated and not instructive. For completeness,
however, we present Axx and Azz, which we used to calculate the corrections to the response function
for motion parallel (χ (2)

xx ) and perpendicular (χ (2)
zz ) to the surface

Axx (ρ, ρ ′, φ) = Fd2

2πρ2ρ ′(d2 + (ρ − ρ ′)2)2(d2 + (ρ ′ + ρ)2)3/2
∗

[
(d2 + (ρ − ρ ′)2)((d2 + ρ2)((2d2 + 3ρ2) cos(2φ) + ρ2)

+ρ ′2(cos(2φ)(4d2 + 2ρ ′2 − 5ρ2) − ρ2))K

(
4ρρ ′

d2 + (ρ ′ + ρ)2

)
+

(ρ ′2(ρ2(6(d − ρ)(d + ρ) + 7ρ ′2) − cos(2φ)(6d4 − 2d2ρ2 + (6d2 − 9ρ2)

ρ ′2 + 2ρ ′4 + 4ρ4)) − (d2 + ρ2)2((2d2 + 3ρ2) cos(2φ) + ρ2))

E

(
4ρρ ′

d2 + (ρ ′ + ρ)2

) ]
, (B8)
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Azz(ρ, ρ ′, φ) = Fd2

π
(
d2 + (ρ − ρ ′)2

)2 (
d2 + (ρ ′ + ρ)2

)3/2 ∗
[ (

d2 + (
ρ − ρ ′)2

) ((
d2 + ρ2

) ((
2d2 + 3ρ2

)
cos(2φ) + ρ2

)

+ (
ρ ′)2 (

cos(2φ)
(
4d2 + 2ρ ′2 − 5ρ2

) − ρ2
))

K

(
4ρρ ′

d2 + (ρ ′ + ρ)2

)
+

(
ρ ′2 (

ρ2 (
6(d − ρ)(d + ρ) + 7ρ ′2) − cos(2φ)

(
6d4 − 2d2ρ2 + (

6d2 − 9ρ2) ρ ′2

+2ρ ′4 + 4ρ4
)) − (

d2 + ρ2
)2 ((

2d2 + 3ρ2
)

cos(2φ) + ρ2
))

E

(
4ρρ ′

d2 + (ρ ′ + ρ)2

) ]
. (B9)

Here, the functions K and E are the complete elliptic integrals of the first and second kind, respectively.

APPENDIX C: RESPONSE FUNCTION FOR THE FREE SURFACE

For the case of a free surface – one without either a bending energy or surface tension –
the effect of correcting the boundary condition at the surface involves performing the integrals in
Eqs. (19) and (20). Using the Green’s function and auxiliary functions defined in Appendix B, and
employing the averaging of the velocity field over the surface of the particle as in Eq. (2), we write
the final contribution to the response tensor in terms of the integral

χ (2)
xx = −

∫
H free

ρ (ρ ′, |−dẑ + ar̂ |)Axx (ρ, ρ ′)d2ρ ′d2r̂ , (C1)

where H free
ρ (ρ ′, z) is given in Appendix A (Eq. (A31)). The integral over ρ ′ covers the entire boundary

surface. The integral over r̂ is over the unit sphere. It is not possible to perform this integral for
arbitrary values of a and d, but, since we are interested in the result for the case where a � |d|, we
are satisfied with examining the integral perturbatively in powers of a/|d| = 1/d̄ . We find

χ (2)
xx = χStokes

[
3

16

(
1

d̄

)
− 3

32

(
1

d̄

)3

+ O
(

1

d̄

)7
]

. (C2)

The correction to the mobility associated with setting the normal stress σ zz to zero at the interface
is positive. Letting the surface to deform reduces the number of constraints, increasing the mobility
of the particle. Including the image force part of the solution (see Eq. (21)), we find the response
function of a particle of radius a submerged a distance d below a free surface (τ = κ = 0) is given
by

χxx = χStokes

[
1 + 9

16

(
1

d̄

)
− 1

16

(
1

d̄

)3

+ O
(

1

d̄

)7
]

. (C3)

The solution for the response to forces normal to the free surface is similarly obtained. We find

χzz = χStokes

[
1 + 9

8

(
1

d̄

)
− 1

4

(
1

d̄

)3

+ O
(

1

d̄

)7
]

. (C4)

The deformability of the free surface has an even larger effect on the out-of-plane response function
than it does on the in-plane response function. Comparing the above result to that obtained for a
rigid surface χ (1) (Eq. (22)), we note that the sign of the 1/d̄ correction has changed. The relaxation
of the undeformability constraint on the surface dramatically increases the out-of-plane mobility of
the particle, in agreement with physical intuition. In Fig. 2(b), this change of sign is apparent when
comparing the high surface tension case (green line) and low surface tension cases (blue line). In
the former case, where the deformability of the surface is strongly suppressed, the response function
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of the particle decreases with decreasing depth, while for the low surface tension case, we see an
increase with decreasing depth as shown in Eq. (C4).

APPENDIX D: THE EFFECT OF FINITE PARTICLE SIZE ON THE RESPONSE FUNCTION
NEAR A FREE SURFACE

We have included the effect of finite tracer particle size using the Kirkwood approximation.
While this approximation recovers the appropriate Stokes mobility of a particle in bulk fluid and thus
becomes exact at large depths, one must determine what sort of errors it introduces for calculations
at finite depth. Here, we review the well-studied problem of a mobility of a sphere near a free
surface. Recall that the effects of the interfacial rheology appear in the response of the submerged
particle at O(1/d̄). Here, we will show that the corrected finite particle size effects occur at higher
orders in that quantity. An exact treatment of finite particle size must also address the question of
tracer particle rotation. The breaking of the up/down symmetry near the hard wall or any interface,
couples in-plane translational motion and rotation. We show that the effects of particle rotation also
occur only at higher order in 1/d̄ . By repeating the microrheology experiment at various depths
and extracting the 1/d̄ dependence of the response function (and excluding higher order corrections
due to fluid boundary conditions on the particle and its rotation), one can determine the interfacial
rheology independently of these corrections to the point force calculation that we provide.

To explore the question of finite particle size effects, we confine ourselves to the large surface
tension limit, where the boundary may be considered to be flat. A number of classical results are
known in this limit regarding the mobility of a sphere of finite size in a viscous fluid and at a distance
d from a free surface, i.e., one having perfect slip boundary conditions. From Refs. 50, 51, and 69,
we find the requisite mobility computed to fifth order in 1/d̄ . Writing this in terms of the in-plane
response function we note for a freely rotating (FR) sphere

χ (FR)
xx = χStokes

[
1 + 3

8d̄
+ 1

16d̄3
+ 5209

262144d̄6
+ O

(
1

d̄

)7
]

. (D1)

Comparing this to our previous result in the case of a flat surface, Eq. (22), we see that effects
of correctly treating the boundary conditions on the surface of a finite-sized sphere enter at order
1/d̄3. To consider the relative magnitude of such errors, we note that at a particle depth of three
radii, the error due to the Kirkwood approximation amounts to about 4%, which given the current
measurement precision – see Ref. 47 – is not observable. We can understand why the effect appears
at this order in 1/d̄ from the following argument. The flow around a sphere can be understood in
terms of two singularities: a stokeslet, which represents our point force response, and an irreducible
quadrupole, necessary for fixing the velocity boundary conditions on the surface of the sphere.51 Our
image force solution then should include both the original quadrupole and an image quadrupole; we
neglect the latter. Since the effect of that quadrupole on the flow decays as ∼1/r3, it is not surprising
that our approach introduces errors at order 1/d̄3. While corrections for the flat boundary with perfect
slip are thus straightforward, they become significantly more complex for the case of either a finite
surface tension, or more relevantly for interfacial microrheology, for the case of complex surface
shear modulus. Fortunately, neglecting finite particle size effects may be justified if one examines
only the leading depth dependence of the response function.

One may inquire how much of this difference is simply due to correctly accounting for the stick
velocity boundary conditions on the surface of the sphere and how much is related to the effect of
sphere rotation. To address this point, we compare the above result for the FR sphere to that for a
non-rotating sphere, as originally obtained by Happel50

χNR
xx = χStokes

[
1 + 3

8d̄
+ 1

16d̄3
− 3

64d̄4
+ 10393

262144d̄6
+ O

(
1

d̄

)7
]

. (D2)

We note that the effect of suppressing the rotation of the sphere appears only at order 1/d̄4 and
results in a slight reduction of the response function. This again is to be expected since the addition
of a constraint torque must suppress the sphere’s mobility.
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