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I. SIMULATION DETAILS

We use the commercial finite element software package ABAQUS to simulate the dy-

namics of flexural wave propagation in thin elastic shells. Within this package, the shells’

material properties are defined by specifying its three-dimensional Young’s modulus Y , Pois-

son’s ratio ν, and thickness h. The bending rigidity κ is then derived from these quantities

yielding κ = Y h3/(12
√

1− ν2). Further details can be found in [1, 2]. In addition, one must

specify the mass density of the shell material, but this simply sets the frequency scale for the

oscillatory dynamics and is of little consequence for our analysis. For completeness, however,

the numerical values used are listed below. The numerical solution for the dynamics of the

shell proceeds using a finite element method that is well known. We use quadrilateral shell

elements that span the entire thickness, with 5 integration points across the thickness using

a Simpson quadrature method. Mesh sensitivity tests were performed to ensure that the

results are independent of the element size.

In all of our measurements we apply an oscillatory point force to a single node on the

shell, directed perpendicular to the surface. The magnitude of the force is sufficiently small

that the linear response regime is appropriate for describing the displacement of the shell.

This point is examined numerically by varying the amplitude of the applied force. Velocity

measurements are then taken from sample points defined on nodes away from the point of

force application, and the normal displacement is measured as a function of time.

II. GROUP VELOCITY

We can verify Eq. 7 in the main text by examining the propagation of waves numerically.

To do so, we construct shells of revolution in the form of a cylinder, an ellipsoid, and a

catenoid (see Fig. 1). Locally, each of these surfaces will behave as a shell with β = 0, β > 0,

and β < 0, respectively. The material properties and the frequency of oscillation for the

point force is then chosen to be such that the reduced frequency matches the example group

velocity plots in Fig. 2 of the main text. Since ABAQUS has no intrinsic dimensional units,

we choose the material parameters of the shell in order to select an O(10) ringing frequency,

which also depends on the global geometry. For example, in the cylindrical case we allow the

shell to extend very far in the y-direction (Ly = 20), while setting the radius of curvature in
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FIG. 1: Examples of the deformation patterns of various shapes used to compute group velocities.

a) Top panel: Orthographic view of a cylindrical shell with a point force directed normal to the

surface. Bottom panel: Top view of cylindrical shell with deformation pattern used to measure

group velocity (group velocity profile from linearized analysis overlaid for comparison). b) Ellipsoid

with normally directed point force and curvature mismatch β ≈ 2. c) Saddle-shaped shell with nor-

mally directed point force and curvature mismatch β ≈ −3. This example cannot be a closed shell

since a surface with globally negative Gaussian curvature cannot be embedded in three dimensions

without self-intersection. In all the cases the color-coding corresponds to the magnitude of the

normal displacement. The measurements of the group velocity are collected from a quarter-circle

arc (i.e. θ ∈ {0, π/4}) at shell nodes approximately equidistant from the point of force application.

the x-direction Rx = 1. Then by setting Y = 106, ρ = 103, ν = 0.3, and h = 0.1, we obtain

a ringing frequency of ωR ≈ 31.6. To compare with the group velocity plot in the main text

we then require the dimensionless wave vector q = 0.5, which sets ω ≈ 1/4. The length

and frequency scales are all approximate since in our scaling analysis in the main text we

assumed that the curvature is constant, while in a general shell the principal curvatures will

vary in space.

Choosing several representative points on the shells, we measure the group velocity of

wave packets traveling through these sample points and identify the angle of propagation

with respect to the point where the force is applied. Example time series are shown in Fig.

2. The left trace is for θ = 0 on the cylindrical shell, while the right is for θ = π/2. For a
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FIG. 2: Plot of several time series for displacement of test nodes. Wave packets travel at the speed

of the group velocity, so that, by making time of flight measurements for the packets, one can

extract the group velocity. The extracted group velocity is, in actuality, averaged over the path

the traveled by the packet during the measurement time ∆t.

point a distance L from the point of force application, we measure a time delay ∆t between

the beginning of force application and the arrival of the resulting wave packet at the point of

interest. This allows us to measure an approximate group velocity vG ≈ L/∆t for waves at

each point on the shell. In Fig. 2, we show representative examples of wave packets passing a

fixed point on the shell. Comparing the measurements for the group velocity to our analytical

predictions in Fig. 2 of the main text, we see that the numerical results are quantitatively

consistent with our predictions. We find the least degree of quantitative agreement for

the case of the cylindrical shell. This can be understood by recalling the approximations

inherent in the shallow shell theory. This theory neglects terms of order O(1/R2) in the

stress tensor, and the inclusion of terms of this order introduce a regularizing “mass” term

into the dispersion relation. The neglect of such higher order terms in the curvature is

one of the simplifications of shallow shell theory, and for surfaces with non-zero Gaussian

curvature its neglect leads to sub dominant corrections. For the special case of cylindrical

shells, which have vanishing Gaussian curvature, this neglected term becomes significant,

leading to observable differences between our theory, based on the shallow shell assumptions,

and the numerical results.

III. BIREFRINGENCE AND TOTAL INTERNAL REFLECTION

As with the group velocity, we measure the propagation of waves as they pass geometric

boundaries. For this we generate the shapes shown schematically in Fig. 1 and Fig. 3a in the
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FIG. 3: Simulated wave propagation in the plate/cylinder interface model. We apply a small

oscillatory point force denoted by the black arrow, and clamp the boundaries of the shell. The

boundaries are far enough from most of the action for this to be a reasonable set of conditions. We

set the reduced frequency ω = 1/2 to observe the same birefringence and total internal reflection

predicted in the main text. Upper left: orthographic view of normal displacement ζ for dimension-

less time t=1.25. Upper right: top view of same snapshot in time. The waves propagating into

the cylinder are clearly truncated at a specific angle, denoted here as θt2, and measurement of this

angle yields a value of π/4, the exact angle predicted for one of the birefringent modes (see figure

3a of main text).

main text (i.e. the plate/cylinder interface), and then apply an oscillatory point force normal

to the shell in order to examine the presence of birefringence and total internal reflection.

As before, sample points are placed at representative points of the shell to measure the

dominant propagation angle.

For this case we verify that at the appropriate reduced frequency ω and the approximate

values of β, birefringence and total internal reflection occur in the same parameter range

as predicted by the theory. An example is found in the deformation pattern shown in Fig.

3. Here we choose Y = 106,ρ = 103,h = 0.1 and the radius of curvature of the cylindrical

section is Rx = 1. We then simulate the dynamics of the deformation, and the angle of the

transmitted ray is clearly determined from the above figure; the presence of total internal

reflection is demonstrated by the lack of any propagation at shallower angles. These results

are both in agreement with the linearized theory presented in the main text showing that

the predictions of refraction and total internal reflection describe well the full dynamics of
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waves impinging on a boundary between differing curvatures.

We verify the predicted behavior for the other shapes shown in Fig. 3 in the main text as

well. These data are not shown. In Fig. 4 of the main text, we demonstrate more generally

the applicability of these results to more complex curved shells where the constant curvature

assumption is not strictly satisfied.
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