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I. SUMMARY OF THE VARIOUS CONTRIBUTIONS TO THE INTERFACE

SUSCEPTIBILITY

The response function of a tracer in a Newtonian fluid below a the viscoelastic interface

(coupled by the stick boundary conditions at the interface), can be understood in terms

of the normal modes of that coupled system of the interface and Newtonian subphase. For

interfaces that are globally flat in their undeformed state, these normal modes correspond to

height undulations of the surface, transverse (shear) and longitudinal (compression) modes

of the interface, each with their attendant fluid flows in the subphase. Treating, as we do,

the interface as a two-dimensional, isotropic, and spatially uniform material, the stresses

associated with the deformation of the interface it its own plane can be parameterized

by two Lamé coefficients µ and λ. The magnitude of the interface’s resistance to height

undulations is typically given by a surface tension τ , which penalizes excess area generated

by deviations from the flat reference state, and/or a bending modulus κ, which penalizes

interfacial curvature. In what follows we concentrate on the role of surface tension for

generating reactive stress due to height deformations. The effects of curvature have been

explored elsewhere [1], and present no new challenges.

Due to linearity, all of the contributions to the response function of the submerged tracer

(of radius a) from these modes are additive. In order to better understand the significance

of each of these modes, along with the interfacial moduli involved, it is useful to consider the

following Gedanken experiment: begin with a “free” interface – one that supports no surface

stresses: τ = µ = λ = 0. Calculate the response function of a tracer sphere submerged

a distance d (d̄ = d/a) beneath such a fictitious interface, and then gradually increase the

effects of each modulus, one at a time, in order to access their independent effects. These

results are summarized in Fig. S1. The general effect of increasing each of these moduli is

to reduce the response of the tracer relative to that of the fictitious free surface (light blue

dash dotted line).

We begin by increasing the surface tension. Due to surface tension alone, the tracer

response at any depth is monotonically reduced from its maximal value through the grey

shaded arc down to the grey dashed line, corresponding to infinite surface tension and

a flat interface. This limit physically corresponds to the response of the particle below

an infinitely rigid wall having perfect slip boundary conditions. In practice, the degree to
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FIG. 1: The effect of the surface rheology on the submerged particle response function. Starting

with a free surface (dashed light blue line) we add successively surface tension, a surface compres-

sion modulus, and then an increasing SD length. Increasing the surface tension transforms the

susceptibility from that of a particle below a free surface to the susceptibility of a particle below

a wall with perfect slip boundary condition (dashed gray line). See also Ref. [1]. Increasing the

compression modulus of the now flat surface shifts the response function from the dashed gray line

to the black line. Keeping those constraints and increasing the SD length (i.e. surface viscosity)

from zero to infinity takes us from the black line to the solid gray line through the blue, purple,

red, and orange line with ¯̀= 1, 3, 10 and 100, respectively.

which surface undulations affect the response function can be parameterized by the Capillary

number [1], and, for most cases of interest, the surface may be well approximated as being

flat. Adding a reactive term in the stress balance equation like surface tension makes the

purely imaginary response function complex, so there there is an in-phase as well as the out-

of-phase component in the response to a sinusoidal driving force. Here, as in the experiment,

we concentrate solely on the imaginary part of the response function.

Continuing this thought experiment, we consider the flat interface and now increase the

compression modulus of the surface λ → ∞ while keeping zero shear modulus µ = 0. The

response function moves from the dashed grey line to the black one in Fig. S1. Finally,

taking a flat and perfectly incompressible surface, we increase the surface viscosity and

hence the Saffman Delbrück length from zero to infinity. Doing so, the response function
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moves downward monotonically through the succession of curves shown (using Saffman

Delbrück lengths normalized by the tracer particle radius of: ¯̀ = 1, 3, 10 and 100, where

¯̀ = iµ/ηωa) down to the final grey line, which represents the theoretical minimum of the

response function of the submerged particle. This minimum corresponds physically to the

case of the response of particle submerged beneath a perfectly rigid wall with stick boundary

conditions, e.g., a particle near the glass coverslip over a slide. The main contribution to

the change in susceptibility to forces in the plane of the interface is given by the interface’s

response to shear stresses. Thus, these lateral fluctuations are the best indicator of changes

in the shear viscoelastic response of the interface. A similar analysis applies to the case that

the in-plane surface response is not merely viscous, but viscoelastic. See below for more

details. Fluctuations in the direction normal to the interface report more sensitively on the

out-of-plane response of the interface or membrane.

II. POWER SPECTRUM: THEORY

Passive microrheology uses the power spectrum of the position fluctuations in thermal

equilibrium of one or more tracer particles to determine the rheological properties of the

medium in which they are embedded. In the current approach to interfacial and membrane

microrheology, the tracer is not actually embedded in the medium, but near it in the sur-

rounding fluid. In this section we examine the power spectrum predicted for three “simple”

viscoelastic interfaces.

We assume that the surface is flat and incompressible, (i.e. τ, λ→∞), but, as explained

above, relaxing this assumption does not contribute dramatically to the results discussed

here; the observed fluctuations report primarily on the shear response of the interface.

The power spectrum of a purely elastic surface (i.e. ` is imaginary) is shown in Fig. S2a.

The frequency ω is measured in units of µ/ηa where µ is the elastic modulus. By sweeping

over a frequency band the entire range of susceptibilities are accessed; at low frequencies

the Saffman-Delbrück length diverges, and the interface resembles a rigid no-slip boundary,

while at large frequency a plateau for the free surface limit is accessed. In order to extract

meaningful rheological measurements, the frequency band must be broad enough to capture

the transition regime, where ¯̀∼ 1. For the case of a purely viscous interface, there is no

such inherent timescale. Thus, the normalized power spectrum χxx(ω)/χ∞ is independent
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FIG. 2: (a) The normalized power spectrum of a tracer particle below an elastic interface at

depth d̄ = 2, 3 (blue bold, magenta dashed). (b) The constant value of the normalized power

spectrum of a tracer particle below a viscous interface as a function of the surface viscosity ηm.

(c) The normalized power spectrum of a tracer below a simple model viscoelastic interface having

µ(ω) = µ− iωηm at depth d̄ = 2. We take ηm = 0.1µ, 1µ, 10µ where µ and ωηm are the elastic and

viscous moduli respectively. In all cases the interface is assumed to be flat and incompressible.

of ω. In Fig. S2b we plot the value of χxx(ω)/χ∞ as a function of ηa/ηm, where ηm is the

membrane viscosity. This moves between the grey and black lines in Fig. S1. Because

there is no frequency dependence, unlike in the purely elastic case, the curve shown in

Fig. S2b can be experimentally accessed only by changing the tracer particle size or the

surface viscosity of the interface. Finally, we examine the behavior of the normalized power
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spectrum for the case of a simple model of a viscoelastic interface where the shear response

is given by µ(ω) = µ − iωηm. This power spectrum has the same step-like behavior of the

elastic interface (Fig. S2a), only at high frequencies the spectrum flattens out to a constant

value that depends of the interface viscosity ηm; this value can be read from Fig. S2b. In

all three cases, the depth of the submerged particle controls the relative importance of the

subphase viscosity and the interfacial rheology to the tracer particle response function; by

measuring the response function of the tracer over a number of depths and then fitting those

data, one is able to extract the interfacial rheology with greater precision than by making a

measurement at only one depth. The enhanced precision results from that fact that one uses

the fluctuation data from many independent experiments corresponding to observations of

the tracer fluctuation below the same monolayer but at different depths to obtain the single

fit parameter, the SD length.

The submerged particle technique will always measure a combination of the response of

the Newtonian subphase and the viscoelastic monolayer. To access the monolayers rheology,

one must choose a combination of frequency window (for a viscoelastic monolayer) and tracer

size such that the movement of the tracer generates significant deformation of the monolayer

and that the flows generated by monolayer stresses are comparable to the flows that would

be generated in the bulk fluid. If the monolayer stress generated flows are too small, the

fluctuation spectrum will be consistent with that of the particle below a free surface. On the

other hand, if the tracers motion does not significantly deform the monolayer, the observed

fluctuation spectrum of the submerged tracer will be indistinguishable to that of the same

particle below a rigid wall. These limits are shown in Fig. S4.

III. POWER SPECTRUM: EXPERIMENT

The details of the measurement of the power spectra in the experiments can be found in

[1]. Briefly, a tracer particle is laser trapped a known distance below the interface [2], and

the backscattered light is measured with a four quadrant photo diode. This allows us to

obtain tracer position data at a rate of 66 kHz. These data for the lateral (i.e. in the plane

normal to optical axis and to the mean normal to the interface) displacements of the tracer

particle form a time series xt of two dimensional vectors. We then compute the fast Fourier

transform and obtain the power spectrum of these position fluctuations < |xf |2 > where
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FIG. 3: Experimental power spectrum for a monolayer of arachidic acid at a surface pressure of

8 mN/m for tracer particles at two different depths: near the surface at a depth of 2 particle radii

(solid black curve), and deep in the subphase 200 µm below the interface (dashed red curve). The

latter curve is used to normalize the former power spectrum; this normalized curve is compared

with the theory to obtain a measurement of the surface viscosity.

f is the frequency variable, conjugate to time t. Discounting the role of reactive stresses

associated with surface deformation (which is reasonable based on the surface tension of the

interface), the power spectrum takes the form

< |xf |2 >=
D

2π2(f 2
c + f 2)

, (1)

where fc is the corner frequency, which arises from the stiffness of the optical trap. An

example of a typical power spectrum is presented in Fig. S3. For these measurements, the

size of the particle was such that the corner frequency is not obvious, but the 1/f 2 behavior

is.

Using the normalized power spectrum obtained from the fluctuation data, the normalized

response function of the tracer can be displayed as a function of surface pressure for a variety

of different model monolayer systems. The raw susceptibility data for DPPC, AA, and

eicosanol are shown in figure S4

[1] R. Shlomovitz, T. Boatwright, M. Dennin, and A. Levine, to be published (2012).

[2] R. Walder, C. F. Schmidt, and M. Dennin, Rev. Sci. Instrum. 79, 063905 (2008).
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FIG. 3: Experimental results for tracer susceptibility near
monolayers and their conversion to membrane viscosity for
DPPC (black triangles), AA (red circles), and eicosanol (blue
squares). (a) The normalized susceptibility at d̄ ⇠ 2 from the
interface. (b) The susceptibilities are converted to viscosities
by the results shown in Fig. 2. The yellow areas represent
regions that are excluded by theory – see text. The values of
and observed variations in the surface viscosity are consistent
with macroscopic measurements.

does not vary much between the two extreme cases and
is mainly dependent on the magnitude of the SD length.
The real part, on the other hand, acquires a finite value
when the surface is elastic but vanishes for purely viscous
surface. Although we have assumed up to this point that
the capillary number Ca ⌧ 1; it is straightforward to
calculate the leading order e↵ects of lowering the surface
tension [22]. These surface height undulations resulting
from finite Ca have a subdominant e↵ect on the tracer
response for in-plane motion, but play a more impor-
tant role in determining the spectrum of vertical fluctu-
ations [22]. Details regarding the role of subdominant
corrections to the susceptibility are included in the sup-
plementary materials.

To demonstrate the utility of submerged particle mi-
crorheology we observed the fluctuation spectrum of trac-
ers at various depths below three di↵erent surfactant
monolayers: dipalmitoylphosphatidylcholine (DPPC),
arachidic acid (AA), and eicosanol. These systems were
selected since they have been well studied macroscopi-
cally, and all three show large changes in surface viscos-
ity with area pressure [8–11, 28, 29] . DPPC has a low
pressure/low viscosity phase and Eiconsanol has low pres-
sure/high viscosity phase. AA is su�ciently viscoelastic
to mimic a rigid boundary.

The position detection scheme has been described else-
where [30] in detail. In short, we trap the tracer at a
given depth below the surface using laser tweezers and
analyze the light scattered o↵ the particle with a quad-
rant photodiode to measure its thermally driven position
fluctuations. By observing the change in the 5µm ra-
dius tracer’s fluctuations (in the plane parallel to the
interface) as a function of depth below the surface in
a frequency band of 100 Hz around f = !/2⇡ ⇠ 103

Hz and using the fluctuation-dissipation theorem [31],
we measure the imaginary part of the tracer’s response
function. The response function is measured at depths

of d̄ ⇠ 1 � 100; data taken at depths d̄ > 25 are great
enough to yield the Stokes result; these are used to nor-
malize the response function at shallower depths. The
imaginary part of the response function as a function of
depth is then fit using Eq. 13 using |`| as the only ad-
justable parameter. All three monolayers are assumed to
be purely viscous, which makes ` a real number. Fluctu-
ation data and more details about the data acquisition
and analysis are presented in the supplemental materials.

In Fig. 3(a) we show the results of these measurements
for the imaginary part of the tracer response function
normalized by the Stokes result for tracers submerged
below DPPC (black triangles), AA (red circles), and
eicosanol (blue squares) monolayers as a function of sur-
face pressure. In Fig. 3(b) we convert these data into
the inferred surface viscosities. Our findings are consis-
tent with the previously measured trends with surface
pressure and are of the correct order of magnitude for all
three systems, demonstrating that there is no “missing
modulus” in these microrheological measurements. The
yellow areas of the figures represent regions excluded by
theory, given the frequency range observed, the assump-
tion of interfacial incompressibility, and the tracer radius
and depths used. The frequency band and tracer size
control the range of accessible viscosities. Observing over
a range of tracer depths enhances the resolution of the
measurement; these parameters can all be changed in ex-
periment, giving access to di↵erent ranges of viscosities
– see supplementary materials.

Non-contact particle microrheology exploits a purely
hydrodynamic coupling between the tracer and the
monolayer. At the expense of this weaker coupling, one
avoids issues associated with understanding the complex
interaction of the probe and the monolayer. We have
shown that this weaker coupling is su�cient to obtain
rheological data in this purely non-contact mode and to
measure the viscosity of very low surface viscosity sys-
tems. In the future, we expect to study systems with
complex viscoelastic responses, and to explore using the
submerged tracer in a lateral scanning mode to detect
spatial variations in surface rheology in inhomogeneous
monolayers and membranes. We also note that these re-
sults show that intracellular microrheological data taken
near viscous cell membranes have to be corrected for this
proximity e↵ect.

The authors acknowledge NSF DMR-0907212 for par-
tial support. AJL and AAE also acknowledge NSF DMR-
1006162.
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FIG. 4: Experimental results for tracer susceptibility for DPPC (black triangles), AA (red circles),

and eicosanol (blue squares). The yellow areas represent regions that are insensitive to the surface

viscosities for the given experimental parameters – see text. These data are then converted to

membrane viscosities using Eq. (13) in the main text. Tracer size here is a = 5µm ± 0.5µm, and

the depth is d = a.
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