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Materials and Methods

Sample fabrication

Origami samples for experimental mechanical testing and 3 dimensional (3D) imaging were

first prototyped with hand-folded sheets. While easy to generate, these samples have the

disadvantage of including additional “pre-creases” that are not used in the final structure,

but nonetheless are necessary to guide crease placement. The presence of pre-creases is

problematic as they add additional degrees of freedom. Thus, we employed a laser-cutter

to pattern only the essential creases (Fig. 1(A)) into a variety of materials including: 9,

17, 24, 28, 32, 36, 40, 48, 53, and 65 lb paper, 45 and 120 lb cardstock, and 0.001, 0.002,

and 0.003 mm thick mylar. Patterns of continuous lines were first designed in Adobe

Illustrator with a specified `1, `2, and α, and then converted to a generic vector format

for laser cutting. At the lowest power settings, the laser scored sheets, creating a joint that

was easily folded into a crease. However, scores frequently tear and exhibit anisotropic

bending properties. Thus, we replaced the continuous line patterns with dash-and-gap

perforations. These samples had durable creases that exhibited indistinguishable folding

stiffness whether mountain or valley. Geometries were designed with `1 = `2 ≡ ` = 25.4

mm. The angle α was varied from 35◦ to 65◦ in 5◦ increments. The number of unit cells

was varied according to the experiment. Laser power was set to 45% max output, with a

dwell time of 45%.

Laser scanner

To study the 3D structure of the Miura-ori, we constructed a custom laser scanner. This

apparatus consisted of a laser sheet light source and digital camera that were mounted

a fixed distance apart, but able to translate vertically along a guided rail track. The

laser/camera mount was driven by a digitally controlled electric motor and set to trans-
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late at a fixed rate. For each scan, an origami structure was oriented in front of the

apparatus to prevent and/or minimize self-shadowing. The laser/camera was then trans-

lated vertically, and video was acquired from the camera at 7.5 frames per second in

an otherwise unlit room. Experimenting with various materials, we found opaque mylar

provided high-quality reconstructions due to the light scattering properties of its surface.

Comparing Mylar and paper scan data revealed mutually consistent 3D structure.

Optical aberrations from a camera’s lens produces distortion of 2D images. To correct

for this, camera calibration software written for MATLAB (Camera Calibration Toolbox,

J.-Y. Bouguet) was used in conjunction with a 46 × 61 cm2 checkerboard pattern to

generate a lens-specific correction factor. These correction factors were applied to raw

camera data prior to the 3D reconstruction in MATLAB. To generate 3D topographic

maps, our custom code tracks the reflected laser sheet light and uses the known apparatus

geometry to calculate surface topography in a given plane. Translating the laser/camera

plane then provides a 3D map of the origami surface with a voxel resolution of 0.4×0.4×

0.96 mm3.

With the surface digitized and reconstructed, we were able to locally measure the

curvature (34) using a polynomial approximation method known as a Monge patch (22).

In this approach, a local patch of the measured surface approximately `/10× `/10 in size

was selected. These dimensions were chosen as they were found to smooth noise associated

with the discreteness of the surface, while optimizing spatial resolution. The patch was

then fit to a polynomial of the form z(x, y) = c0 + cxx+ cyy+ cxxx
2 + cyyy

2 + cxyxy, where

the coordinate system for the fit coincides with the center of the patch. From the best-fit

values of the polynomial coefficients, the mean curvature was calculated using

H =
(1 + c2y)cxx − 2cxcycxy + (1 + c2x)cyy

2(1 + c2x + c2y)
3/2

. (1)
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This procedure was iterated as the patch center point was rastered over the entire xy

surface at pixel resolution. In a similar fashion, spatial maps of the Gaussian curvature

were calculated using

K =
cxxcyy − c2xy

(1 + c2x + c2y)
2
, (2)

which while readily able to identify vertex locations, did not identify stretching associated

with facet bending.

Compression stage

A custom built compression stage was developed to measure the mechanical properties

of origami structures. This consisted of two smoothly polished aluminum compression

plates, one mounted to a Haydon-Kerk linear translation stage (PCM4826X-K IDEA

stepper motor), and the other to a Loadstar force measurement sensor (3 kg RSP1 load cell

with DI-1000U interface). In a typical experiment, the compression plate separation and

load cell force data was simultaneously recorded by a single custom MATLAB program.

Smooth lucite panels were mounted underneath the compression plates to provide a low-

friction surface for the origami structures to move on during compression. To further

reduce friction, one side of the lattice was slightly elevated with a small piece of adhesive

tape that simultaneously served to reduce contact area with the lucite panels, while also

leaving the folded structure able to freely deform during compression.

To determine the origami lattice compressive modulus, a compression routine was

developed that operated in the following manner. Initially, the plate separation was set

to a value slightly larger (≈ 5%) than the width of the origami lattice (Fig. S1, point

1). The compression cycle began, and the lattice was compressed 6.35 mm, during which

the load and plate separation were recorded. The system paused for two seconds at the

maximum compression (Fig. S1, point 2), reversed direction, and returned the plates to
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their initial separation. During decompression, the compression plate lost contact with

the origami lattice (Fig. S1, point 3). After one compression cycle, we found the origami

lattice width was reduced compared to its original state (Fig. S1, compare points 1 and

4), indicating plastic deformation of the mountain and valley creases. The load-unload

cycle was repeated 8 times. When the load-displacement curves were superimposed, we

found the first cycle was noticeably different from the remaining cycles, while the rest were

nearly indistinguishable (Fig. S1, red lines show runs 2 through 8). We then averaged

the load-displacement data for runs 3 through 8 producing a single load-displacement

curve associated with the compression amplitude (Fig. S1, black lines). The compression

amplitude was then increased by 6.35 mm, and the 8 load-unload cycles were repeated,

producing an averaged load-displacement curve for the new amplitude (Fig. S1, points 4,

5, 6, 7). This process was iterated until the lattice was compressed to a width of 12.7

mm, yielding load-displacement curves with amplitudes evenly spaced by 6.35 mm.

For mechanical testing, we found 24 lb paper was both representative and easiest to

work with. For example, the mechanical behavior reported in the main text concerning

PTDs and their interactions was qualitatively consistent across materials, though the

compressive moduli magnitude Ky depended on the material used.

In the main text, it was preferable to express the Miura-ori configuration in terms of

the vertex angle ε in order to have a single-valued representation of the energy diagram

for PTDs. However, pre-existing theory (15), which did not consider the existence of

PTDs, has been expressed in terms of a dihedral angles θ (Fig. S2(A)). Thus, to make

comparisons to existing theory for non-defected lattices we express our results in terms

of θ, which relates to ε by

sin
(ε

2

)
=

cos(α)[
1− sin2(α) sin2(θ/2)

]1/2 . (3)
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To determine the compressive modulus, we first transformed the plate separation data to

the lattice averaged dihedral angle θ. For a given instantaneous compression, this was

found by dividing the Miura-ori width by the number of unit cells across, and calculating

θ for the corresponding width of an ideal unit cell (15). Differentiating each curve to find

Ky(θ), we found the modulus at a given θ was largely insensitive to the equilibrium θ0 as

well as the maximum compression amplitude. This finding was fortuitous, as it allowed us

to simply average the values of Ky(θ) across compression amplitudes for a given θ. Small-

amplitude measurements of the modulus were extracted from data where the Miura-ori’s

compression was less than 6.35 mm.

Supplementary Text

Compressive modulus

To experimentally determine the range of mechanical properties exhibited by the Miura-ori

available for metamaterial design, samples were fabricated and tested in our compression

apparatus. Under loading, the equilibrium value of the dihedral angle, θ0, varies due to

plastic deformation at the crease. Thus, to measure the mechanical properties of the

Miura-ori, we systematically vary θ0 and make small amplitude measurements of the

uniaxial compressive modulus Ky(θ) (Fig. ?? dots). This measurement was repeated for

samples fabricated with each value of α (Fig. S2(B) different colors). Data sets were

then fit to a theoretical model based on the properties of a single Miura-ori unit cell

where Hookean elasticity was assumed for each crease (15) (Fig. S2(B) solid lines). We

found excellent agreement for α ≥ 45◦, and slightly larger deviations in the remaining two

samples. From the fits, we extracted the elastic spring constant characterizing a crease in

the origami structure k0, and compared this value to a measurement made on a sheet with

only a single fold (Fig. S2(B) inset; solid line). We found the fitted and measured values
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of k0 agree to better than a factor of 2. Such deviations from the theoretical prediction

may arise from heterogeneous deformations that occur in lattices made with more than

1 unit cell, as well as facet bending, which was not accounted for in the single-unit-cell

theory. Extending these measurements beyond the validity of the small strain theory, we

measured Ky(θ) over a larger range of compression (Fig. S2(B) shaded bands). For our

samples, these data show a factor of ≈ 2 difference between the least and most compliant

portions of the modulus for fixed α, and a factor of ≈ 3 between samples with different

α.

Poisson’s ratio

Miura-ori structures with α varied from 35◦ to 65◦ were marked with colored dots on the

vertices and compressed using the same set-up as that for the force measurements. 1080p

videos of the compression were filmed from overhead using a digital camera at 7.5 fps

(Canon Powershot). The colored markings were tracked using custom software written in

MATLAB, and the lengths L, widths W , and dihedral angle θ of all the unit cells except

those along the border were calculated by measuring the distances between pairs of valley

vertices within a unit cell. L, W , and θ were sampled every three frames, and a moving

average was computed to produce a smooth measurement of L(W ). dL/dW at each frame

was defined as the derivative of the quadratic function centered at that frame fit to the

values L(W ) for 13 frames. The Poisson’s ratio ν was then calculated using

ν = −W
L

dL

dW
(4)

and compared to a theoretical prediction (15):

ν = 1−
[

1

sin(α) sin(θ/2)

]
. (5)

The comparison between experiment and theory (Fig. S3) shows excellent agreement
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within measurement errors, and confirmed the wide range of negative Poisson ratio pos-

sible within the Miura-ori.

Lattice size effects and PTD localization

When examining the geometry of samples with a PTD, we found the induced lattice dis-

tortions rapidly decayed from the defect center. To study the extent of this distortion, we

superimposed mean curvature maps from normal lattices with those taken from a lattice

hosting 1 PTD (Fig. S4(A)). Comparing these data sets, we noted vertices immediately

adjacent to the PTD were marginally displaced and that the effect rapidly decayed within

a distance of one unit cell.

To check for finite-size effects on mechanical measurements, we also studied how the

compressive modulus Ky varied with lattice size for fixed α. We found Ky had a 1.2 to

2-fold increase between the 3 × 3 and 8 × 8 lattices (Fig. S4(B)). These differences were

most pronounced at the lowest compressions and small compared to the increase in Ky

at high compression when a PTD is introduced. Thus, these mechanical and geometric

findings indicate our main results regarding PTD stiffness and interactions are generally

insensitive to finite-size effects.

Details of Theoretical Calculations

Spherical geometry Traditional Miura-ori vertices consist of four creases (Fig. S5(A)).

To include the experimentally observed facet bending that occurs during formation of a

PTD, we require two additional creases whose equilibrium angle is π. In general, equi-

librium crease angles are determined by the plastic deformation induced during folding;

however, they are also related by geometric constraints. Assuming symmetric deforma-

tions of the unit cell, we choose ε and φ to specify the other fold angles (Fig. S5(B)).
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Spherical trigonometry then leads to the following intermediate relationships that deter-

mine the angles η,B+, B−, A+, A−:

cos η = sin2 α

2
+ cos2

α

2
cosφ, (6)

cosB+ = tan
α

2

√
1− cos η

1 + cos η
, (7)

cosB− =
cos ε− cosα cos η

sinα sin η
, (8)

cosA+ = cosB+, (9)

cosA− =
cosα− cos ε cos η

sin ε sin η
, (10)

cos
θ−
2

=
cos η − cos ε cosα

sin ε sinα
, (11)

where all angles are defined on the spherical polygon (Fig. S5(A,B)). With these relations,

we find the fold angles obey:

θ+ = A+ + A−, (12)

θ− = 2 cos−1

[
cos η − cos ε cosα

sin ε sinα

]
, (13)

β = B+ +B−. (14)

Energetics The energy of a Miura-ori vertex can be calculated if we assume that each

fold behaves as a linear torsional spring with a preferred rest angle. If all the folds have

the same spring constant k0 then the dimensionless energy is

U

k0`
=

1

2
(θ+ − θ0)2 +

1

2
(θ− + θ0 − 2π)2 + (β − β0)2 + (φ− π)2. (15)

Here we have assumed that the ground state has θ0 and β0 at commensurate values such

that there is a non-frustrated state where all the fold angles are at their preferred angle.

If we plot the energy as a function of ε, and φ (Fig. 2(E), main text) we see there is a

region of disconnection as ε passes through π, and above ε = π there is a local minimum

where φ > π; this is the pop-through defect (PTD).
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Scaling collapse of KPTD
y We now derive an expression for the compressive modulus

of a pop-through defect (PTD) embedded in a Miura-ori lattice. Our notation follows

that of Wei et. al. (15).

A Miura-ori unit cell has dimensions Lx and Ly given by

Lx = 2`ζ,

Ly = 2`ξ, where

ξ = sin(α) sin(θ/2), ζ = cos(α)(1− ξ2)−1/2, (16)

α is the folding angle, and all facet edges are of length `. For a wide range of parameters,

Ly of a normal unit cell is approximately equal to that of a PTD. The same however,

does not apply in the x direction where the equilibrium size of a PTD LPTD
x is larger than

that of a normal unit cell Lnormal
x . This induces a strain on the PTD to accommodate the

boundary conditions imposed by the lattice. The mechanical response to external loading

is therefore proportional to LPTD
x − Lnormal

x .

We may write the total response as a linear superposition of the bulk force response

and the effect of the PTD, as long as the defect density n is small enough that the defects

do not interact. The inhomogeneous effect of the PTD can be written as a multipole

expansion of the point force response, which we approximate using the homogeneous unit

cell result. Given a uniform compression along the y direction on a lattice with PTDs as

in our experiments, we can write the total force response in a multipole expansion:

fdefect
y = fnormal

y + nP
dfx
dζ
. (17)

The zeroth order term is simply the response of a normal lattice fnormal
y to loading on the y

direction. Because the PTD exerts no net force on the lattice, the first order correction in

Eq.(17) is a dipole term ∼ dfx/dζ of strength P , where fx is the force response along the x
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direction arising from strain of the LPTD
x −Lnormal

x . With the definition of the compressive

modulus Ky = dfy/dε, we differentiate both sides of Eq.(17) to find

d

dε
fdefect
y =

d

dε
fnormal
y + nP

d

dε

(
dfx
dζ

)
,

Kdefect
y = Knormal

y + nP
d

dε

(
dfx/dε

dζ/dε

)
. (18)

Rearranging this expression to match the scaling collapse form described in the main text,

we have

1

n

(
Kdefect

y

Knormal
y

− 1

)
=

P

Knormal
y

d

dε

(
dfx/dε

dζ/dε

)
=

KPTD
y

Knormal
y

. (19)

Here, P = (3 ± 1) × 10−3 is a fitting parameter for the strength of the dipole and an

analytic expression for fx(ε) is available elsewhere (15) assuming Hookean elasticity for

each crease in the unit cell. We note that because the force response along the x direction

arises from the strain LPTD
x − Lnormal

x , the right hand side is evaluated at the dihedral

angle ε∗ of the normal unit cells.

PTD localization length To understand how the spatial distortions induced by a PTD

on the rest of the Miura-ori are so strongly localized, we must first develop a framework to

describe vertex connectivity. We begin by constructing a full Miura-ori tessellation from

the angles for a single vertex and place a Cartesian coordinate system on the crease pattern

with indices for each vertex using (n,m) to denote the x and y coordinates of the creases.

At each vertex there are N folds, indicating N−3 degrees of freedom. Modeling a PTD as

a vertex with two extra folds to account for facet bending, we have N = 6, where the three

degrees of freedom per vertex are then given by the internal state vector s = {ε, φ+, φ−}.

Here, we accommodate the most general circumstance where the facet bending angle φ is

not symmetric on either side of the vertex, but rather, is allowed to take distinct values

φ+ and φ− on either side. This notation is consistent with that used above and in Fig. S5,
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where the angle marked φ is now φ+. Specifying s yields the solution for the dihedral

angles at each vertex, which we collect in the vector f(s) = {θ+, φ+, β+, θ−, β−, φ−}. To

enforce the connectivity of the vertices the following relationships must hold:

θn,m+ = θn+1,m
− ,

βn,m
− = βn,m−1

+ ,

βn,m
+ = βn,m+1

− ,

φn,m
+ = φn+1,m+1

− ,

φn,m
− = φn+1,m−1

+ . (20)

While the functions f(s) are generally nonlinear, we expand about a uniformly folded

state f = f0 + Jδs, where J ≡ ∂f/∂s|s0 is the Jacobian matrix for linearizing about the

internal state s0 ≡ {ε, π, π} (i.e., a Miura folded pattern where the extra folds are flat).

This relation allows us to solve for the angles in terms of the internal state s. The Miura

unit cell is composed of four vertices, and thus the matrix J is a block diagonal matrix,

i.e., J = diag{J0,−J0,J0,−J0} is a 24×12 rectangular matrix formed from four identical

blocks,

J0 =


A C C
0 1 0
B C 0
−A 0 0
B 0 C
0 0 1

 (21)

where

A = cosα csc(ε/2)/
√

sin2(ε/2)− cos2 α, (22)

B = sin2(ε/2) secαA, (23)

C = csc(α/2)/2. (24)
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Finally, since the Miura-ori is periodic in space, in analogy with crystalline materials

we decompose the Eq.(20) in a Fourier basis in terms of a wave vector, q, lying in the

first Brillouin zone of the lattice. This yields

Q(q)δs(q) = 0, (25)

with Q(q) ≡ D(q)J.

The matrix Q(q) is square such that Eq.(25) has a nontrivial solution whenever

det [Q(q)] = 0. This results in the dispersion

cos2 α

sin4(ε/2)
sin2(qx/2) + sin2(qy/2) = 0. (26)

For an infinite “origami crystal,” the only solution for q that is purely real is q ≡ 0,

indicating that only uniform deformations are allowed. If the tessellation has a bound-

ary, however, imaginary values of the wave vector q are allowed, indicating that there

are localized states near edges that decay over some natural length scale determined by

the crease pattern and fold angles. Assuming qx is real, Eq.(26) yields qy = ±ik(qx),

where k(qx) ≡ 2| sinh−1[cosα sin(qx/2)/ sin2(ε/2)]|: deformations decay away from the

boundaries of constant y with a length scale 1/k(qx).

The effect of a PTD on the distortion of the whole lattice can be quantified in terms

of this decay length. The PTD represents a disturbance localized to a single unit cell,

and thus qx ∼ π. If we choose a few representative values for ε, α we can calculate the

coherence length ` ≡ 1/k. For the reported experiments in Fig. 2 and 3 in the main

text, α = π/3 and ε ≈ π/2, which yields a value for ` ≈ 0.56 measured in unit cells.

This indicates that the deformations near a PTD should decay very quickly, as observed

experimentally.
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2-4 defect pairs and Maekawa’s theorem

As described in the main text, we find a Miura-ori with a 2-4 defect pair is flat-foldable,

and that this property occurs because the resultant crease pattern is compatible with

Maekawa’s theorem, i.e., the number of mountain folds minus the number of valley folds

at each vertex is ±2. Because this is a generic theorem about the crease topology, the 2-4

defect pair should be flat-foldable, independent of the lengths l1, l2 and plane angle α that

define the Miura-ori’s geometry. We experimentally verify this with folded paper models

where we sample combinations of l1/l2 = 1 or 1/17 and α = 20◦, 45◦, or 70◦ (Fig. S6).

By the same logic, an isolated PTD will never be flat-foldable as it violates Maekawa’s

theorem for any l1, l2, and α. Thus, at sufficiently high compressions, the total modulus

will always increase up to the limits set by tearing/crumpling of the underlying material.
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Figure S1: Schematic illustration of the loading protocol used to measure the compressive
modulus of origami structures. For clarity, this force-displacement data is a subset of the
complete data sets showing only 6 displacement amplitudes from the compression half of
the cycle.

15



α =

Plane angle  α

Sp
rin
g

co
ns
ta
nt

M
od
ul
us

Dihedral angle

θ α

0
15

30

45

A

B

Figure S2: Experimental 3D scan and mechanical data of a normal Miura-ori demon-
strating metamaterial properties. (A) A 3D image of a 4× 4 Miura-ori with two in-plane
projections at equilibrium illustrates the folded structure. Color bar gives height in mm.
(B) Small strain measurements of the compressive modulus Ky(θ) (dots) are compared to
theoretical fits (thick lines) for various angles α (colors). Measurements extend beyond
the small strain limit (thin lines), and colored bands indicate error estimates. (Inset)
From the theoretical fits, we extract the elastic spring constant of a single crease k0 for
each α (points) and compare to a measurement made on a single crease (black line).
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Figure S3: The experimentally measured Poisson ratio ν as a function of compression is
shown in thin lines with error estimates as shaded bands. Thick lines are parameter-free
theoretical predictions, which agree favorably with the data. Colored bands correspond
to values of α.
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Normal lattice Defect latticeA
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Figure S4: Experimental data showing spatial confinement of a PTD and finite lattice size
effects. (A) Data showing crease location for a normal (gold) and defected (cyan) lattice.
Crease’s locations are determined from mean curvature maps and defined as regions where
the absolute value of the mean curvature is greater than 0.05 mm−1. The background
shading is a surface map of the lattice with a PTD, where the color corresponds to the
height in mm. (B) The compressive modulus Ky as a function of dihedral angle θ for
lattice sizes ranging from 3× 3 to 8× 8 shows a weak variation with lattice size.
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Figure S5: Spherical trigonometric diagrams that illustrate and define angles used in
theoretical calculations. (A) A bounding sphere centered on a Miura-ori vertex illustrates
the crease and fold angles. (B) The spherical polygon made by unfolding the region
bounded by the sphere in (A) schematizes the relationship between the crease and fold
angles. In this representation, ε and η are angles in the folded structure that can be most
clearly seen by connecting their end-points in (A). By symmetry only the angles on half
of the vertex are shown.
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Normal Miura-ori 1 PTD 2-4 PTD pair

Figure S6: Photographs of hand folded Miura-ori’s with various geometric and PTD
configurations. In each case, the structures with 1 PTD are non-flat-foldable, while the
structures with 2-4 defect pairs are.
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Movie S1: Introduction of a 4 × 4 Miura-ori demonstrating its structure and com-

pressive behavior.

Movie S2: Compression of a 4 × 4 Miura-ori with a PTD showing its formation,

mechanical response, and restoration to a normal lattice.

Movie S3: Compression of a 4 × 4 Miura-ori with a 1-2 defect pair showing its

formation, mechanical response, and restoration to a normal lattice.

Movie S4: Compression of a 4 × 4 Miura-ori with a 2-4 defect pair showing the

formation, mechanical response, and restoration to a normal lattice.
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